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Robustness is a serious problem



Robustness is a serious problem



Key issue:

• Squaring a large number produces a huge number

• A few wildly mismatch points can throw off R, t

• Fixes:
• remove matches with “large” distances

• actually, quite good
• but what happens if new such pairs emerge?

• apply an M-estimator
• deals with new pairs

You should have watched the IRLS movie for regression by now



Some notation, etc.

• We know how to solve

• Which is

• Write as

<latexit sha1_base64="/FRBSoZk1qFreu5JuJjqiOAa4z8=">AAACTXiclVHLSgMxFM3UR2t9VV26CRahIpYZEXVZdOOySl/QqSWTZtrQzIPkjlqG+UE3gjv/wo0LRcR02oW2bjxwyeHcc7nJiRMKrsA0X4zMwuLScja3kl9dW9/YLGxtN1QQScrqNBCBbDlEMcF9VgcOgrVCyYjnCNZ0hpfjfvOOScUDvwajkHU80ve5yykBLXULPVtFXpfje122YC6UbnBsOy5+SLRymFJIjtJzpCVb8v4ADm5r/3F3C0WzbKbA88SakiKaototPNu9gEYe84EKolTbMkPoxEQCp4IleTtSLCR0SPqsralPPKY6cZpGgve10sNuIHX5gFP150RMPKVGnqOdHoGBmu2Nxb967Qjc807M/TAC5tPJIjcSGAI8jhb3uGQUxEgTQiXXd8V0QCShoD8gr0OwZp88TxrHZeu0bF2fFCsX0zhyaBftoRKy0BmqoCtURXVE0SN6Re/ow3gy3oxP42tizRjTmR30C5nsN+jRsy4=</latexit>X

i

wi (Rxi + t� yi)
T (Rxi + t� yi)

<latexit sha1_base64="jKgZcNYA2OqxwAIGhMT5UNCOfKs=">AAACL3icbVBNS8NAEN3Ur1q/qh69bC2CIJakiHosCuKxiv2AJpbNdtMu3U3C7kYtIf/Ii3+lFxFFvPov3KYRtDowO4/3Zpid54aMSmWaL0Zubn5hcSm/XFhZXVvfKG5uNWUQCUwaOGCBaLtIEkZ90lBUMdIOBUHcZaTlDs8neuuOCEkD/0aNQuJw1PepRzFSmuoWL2wZ8S6F9zptTnvQLn3XaxjbrgcfEi0dpFAlh2kdacouTdqm7221WyybFTMN+BdYGSiDLOrd4tjuBTjixFeYISk7lhkqJ0ZCUcxIUrAjSUKEh6hPOhr6iBPpxOm9CdzTTA96gdDpK5iyPydixKUccVd3cqQGclabkP9pnUh5p05M/TBSxMfTRV7EoArgxDzYo4JgxUYaICyo/ivEAyQQVtrigjbBmj35L2hWK9Zxxbo6KtfOMjvyYAfsgn1ggRNQA5egDhoAg0cwBq/gzXgyno1342PamjOymW3wK4zPL/CMpzQ=</latexit>X

i

wi ||Rxi + t� yi ||2

<latexit sha1_base64="MYaWrYiJ3zvlCw9T+VTmtknrO8I="></latexit>X

i

wif(ri) where ri =||Rxi + t� yi ||



We would like to solve

• where rho could have a variety of useful properties
• for example:

• like quadratic for small d, constant for large d
• like quadratic for small d, linear for large d
• like absolute value

<latexit sha1_base64="UMTsIVEoFyiuPlAzzSmsZt8QNxU="></latexit>X

i

⇢(ri) where ri =||Rxi + t� yi ||





A clever trick

• Assume we are optimizing:

• We are at solution if and only if:

<latexit sha1_base64="5ngW6xAuAg6JKB7jgOCqjYC7o48=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHqpiQi6rLoxmUF+4AmhMlk2g6dR5iZKCX2U9y4UMStX+LOv3HaZqGtBy4czrmXe++JU0a18bxvZ2V1bX1js7RV3t7Z3dt3KwdtLTOFSQtLJlU3RpowKkjLUMNIN1UE8ZiRTjy6mfqdB6I0leLejFMScjQQtE8xMlaK3EqgMx5RGKihrCURPYWRW/Xq3gxwmfgFqYICzcj9ChKJM06EwQxp3fO91IQ5UoZiRiblINMkRXiEBqRnqUCc6DCfnT6BJ1ZJYF8qW8LAmfp7Ikdc6zGPbSdHZqgXvan4n9fLTP8qzKlIM0MEni/qZwwaCac5wIQqgg0bW4KwovZWiIdIIWxsWmUbgr/48jJpn9X9i7p/d15tXBdxlMAROAY14INL0AC3oAlaAINH8AxewZvz5Lw4787HvHXFKWYOwR84nz8NZZM2</latexit>X

i

⇢(di)

<latexit sha1_base64="wiYvHEBFlB5iY0i6n3pKGfFRiF4=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XgqiQi6kYounFZwT6gCWEymbRDZyZhZiKUkC9w46+4caGIW9fu/BunbRbaeuByD+fcy8w9Ycqo0o7zbVVWVtfWN6qbta3tnd09e/+gq5JMYtLBCUtkP0SKMCpIR1PNSD+VBPGQkV44vpn6vQciFU3EvZ6kxOdoKGhMMdJGCuyGpzIeUOjFEuE8gp4cJYXpsoCeQCFDUMIrJ7DrTtOZAS4TtyR1UKId2F9elOCME6ExQ0oNXCfVfo6kppiRouZliqQIj9GQDAwViBPl57NzCtgwSgTjRJoSGs7U3xs54kpNeGgmOdIjtehNxf+8QabjSz+nIs00EXj+UJwxqBM4zQZGVBKs2cQQhCU1f4V4hEww2iRYMyG4iycvk+5p0z1vundn9dZ1GUcVHIFjcAJccAFa4Ba0QQdg8AiewSt4s56sF+vd+piPVqxy5xD8gfX5A+kVm1w=</latexit>X

i

d⇢

dr
rr = 0

<latexit sha1_base64="reR2KS8bktm8AwDNAnr4jTqneSo=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSxCvZRERD0WvXisYD+gDWGz3bRLd5Owu7GU2J/ixYMiXv0l3vw3btsctPXBwOO9GWbmBQlnSjvOt1VYW9/Y3Cpul3Z29/YP7PJhS8WpJLRJYh7LToAV5SyiTc00p51EUiwCTtvB6Hbmtx+pVCyOHvQkoZ7Ag4iFjGBtJN8u91QqfIbGpsKq9NmZb1ecmjMHWiVuTiqQo+HbX71+TFJBI004VqrrOon2Miw1I5xOS71U0QSTER7QrqERFlR52fz0KTo1Sh+FsTQVaTRXf09kWCg1EYHpFFgP1bI3E//zuqkOr72MRUmqaUQWi8KUIx2jWQ6ozyQlmk8MwUQycysiQywx0SatkgnBXX55lbTOa+5lzb2/qNRv8jiKcAwnUAUXrqAOd9CAJhAYwzO8wpv1ZL1Y79bHorVg5TNH8AfW5w8h0JNE</latexit>X

i

wif(ri)

<latexit sha1_base64="xQh1SgQ2iRC5soDW9wpOOH1qtM0=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBbBVUmKqBuh6MZlBfuAJoTJdNIOnUzCzEQppQs3/oobF4q49SPc+TdO2yy09cAdDufcy517wpQzpR3n2yqsrK6tbxQ3S1vbO7t79v5BSyWZJLRJEp7ITogV5UzQpmaa004qKY5DTtvh8Hrqt++pVCwRd3qUUj/GfcEiRrA2UmCXPZXFAUMPpmpImtcTOOQYyUsnsCtO1ZkBLRM3JxXI0QjsL6+XkCymQhOOleq6Tqr9MZaaEU4nJS9TNMVkiPu0a6jAMVX+eHbEBB0bpYeiRJoSGs3U3xNjHCs1ikPTGWM9UIveVPzP62Y6uvDHTKSZpoLMF0UZRzpB00RQj0lKNB8Zgolk5q+IDLDERJvcSiYEd/HkZdKqVd2zqnt7Wqlf5XEUoQxHcAIunEMdbqABTSDwCM/wCm/Wk/VivVsf89aClc8cwh9Ynz+INpa8</latexit>X

i

wi2rirr = 0

<latexit sha1_base64="58pJolQAAcqJ0qHvDraezALi5YM="></latexit>

Choose wi =

h
d⇢
dr

i

ri
Then w_i are “right” at the true solution



IRLS

• Choose rho
• Iterate

• find correspondences
• from these, r_i, and w_i
• solve (in closed form!)



Examples

• rho is L1

• effect: make small residuals very important
• what we expect - L1 minimization really likes zeros

<latexit sha1_base64="qi7lJoUt/Hl2QiIvMIhw4ebFViQ="></latexit>

Choose wi =

h
d⇢
dr

i

ri
=

1

ri





Examples

• Huber

• recall r_i is absolute value of residual
• if point is close (r_i small) this behaves like least squares
• if point is far (r_i large) behaves like L1 - weight error down

<latexit sha1_base64="/PXOxBZJv11RvpOkmk8Dwc2IWuA="></latexit>

Choose wi =

h
d⇢
dr

i

ri
=

⇢
1 ri  k
k
ri

otherwise



Some important cautions

• Notation creates some confusion
• some authors use r_i=(Rx_i+t -y_i)^T(R x_i+t-y_i), etc….

• which changes equations but nothing significant
• as long as you’re consistent…

• This is effective, but it isn’t magic
• these problems must have many local minima

• and you could get one of those
• it is *really* helpful to have a good start point


