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Tracking - more formal view

• Very general model:  
• We assume there are moving objects, which have an underlying state X
• There are observations Y, some of which are functions of this state
• There is a clock

• at each tick, the state changes
• at each tick, we get a new observation

• Examples
• object is ball, state is 3D position+velocity, observations are stereo pairs
• object is person, state is body configuration, observations are frames, clock 

is in camera (30 fps)



Tracking - Probabilistic formulation

• Given
• P(X_i-1|Y_0, ..., Y_i-1)

• “Prior”

• We should like to know 
• P(X_i|Y_0, ..., Y_i-1)

• “Predictive distribution”
• P(X_i|Y_0, ..., Y_i)

• “Posterior”



Key assumptions:



Tracking as Induction - base case

Then we have



Given

Tracking as induction - induction step

Notice  this is i-1
current state based 

on previous
measurements



Tracking as induction - induction step

Notice  this is i
Prediction based on

current measurement
as well.



The Kalman Filter

• Assume that:
• All state follows a linear dynamical model
• Measurements are a linear function of state, plus noise

• Then (if first prior is Gaussian)
• All PDF’s are Gaussian

• and so easy to represent 
• just need to keep track of mean and covariance

• The Kalman Filter correctly updates mean and covariance



In 1 D
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Problem

• x - measurement
• theta - length of cable
• p(theta) normal
• p(x|theta) normal; mean will theta*const standard dev 

known

• p(theta|x)

• log p(theta|x)=-1/(2sigma^2) theta^2 + mu/sigma^2 theta 
+other



In 1 D



In 1D



in 1D



In 1D



Recursion



Linear models
Read this as:  x_i  is normally distributed. 
The mean is a linear function of x_i-1 and

whose variance is known (and can 
depend on i). 

Read this as:  y_i  is normally distributed. 
The mean is a linear function of x_i and

whose variance is known (and can 
depend on i)



Examples

• Dynamical models
• Drifting points

• new state = old state + gaussian noise
• Points moving with constant velocity

• new position=old position + (dt) old velocity + gaussian noise
• new velocity= old velocity+gaussian noise

• Points moving with constant acceleration
• etc

• Measurement models
• state=position; measurement=position+gaussian noise
• state=position and velocity; measurement=position+gaussian noise

• but we could infer velocity
• state=position and velocity and acceleration; 

measurement=position+gaussian noise



The Kalman Filter

• Dynamic Model

• Notation

<latexit sha1_base64="49lwGAn9eb035DStlklfNpMt6KQ=">AAACHXicbZDLSsNAFIYn9VbrLerSzWARKkhJpKjLohs3SkV7gaaEyXTSDp1JwsxELCEv4sZXceNCERduxLdxknahrQcGPv7/HM6c34sYlcqyvo3CwuLS8kpxtbS2vrG5ZW7vtGQYC0yaOGSh6HhIEkYD0lRUMdKJBEHcY6TtjS4yv31PhKRhcKfGEelxNAioTzFSWnLNWuJ4PhynLoWOpBxeVxIHIwavMiX3HjQdQeeWDjhyE+7S9NA1y1bVygvOgz2FMphWwzU/nX6IY04ChRmSsmtbkeolSCiKGUlLTixJhPAIDUhXY4A4kb0kvy6FB1rpQz8U+gUK5urviQRxKcfc050cqaGc9TLxP68bK/+sl9AgihUJ8GSRHzOoQphFBftUEKzYWAPCguq/QjxEAmGlAy3pEOzZk+ehdVy1T6r2Ta1cP5/GUQR7YB9UgA1OQR1cggZoAgwewTN4BW/Gk/FivBsfk9aCMZ3ZBX/K+PoB60yhNA==</latexit>

yi ⇠ N(Mixi,⌃mi)

<latexit sha1_base64="96DU20jkpalACIuJRYHEZh1lNH4="></latexit>

mean of P (Xi|y0, . . . , yi�1) as X̄
�
i<latexit sha1_base64="ncdzrD5hvkTAPsBFhJcBiwL+Lzs="></latexit>

mean of P (Xi|y0, . . . , yi) as X̄+
i

<latexit sha1_base64="bWytqPX7KnoqALnh4/blPuvIgD0="></latexit>

covar of P (Xi|y0, . . . , yi) as ⌃+
i

<latexit sha1_base64="ZEqNARLwbxC86An5MM1FJIQuRT0="></latexit>

covar of P (Xi|y0, . . . , yi�1) as ⌃
�
i

<latexit sha1_base64="fV0nfUyZpv2puXPd9rauxbOvP7Y=">AAACIXicbVDLSsNAFJ3UV62vqks3g0WooCUR0S6LunAlFe0DmhAmk0k7dCYJMxOxhPyKG3/FjQtFuhN/xulD0NYDFw7n3Mu993gxo1KZ5qeRW1hcWl7JrxbW1jc2t4rbO00ZJQKTBo5YJNoekoTRkDQUVYy0Y0EQ9xhpef3Lkd96IELSKLxXg5g4HHVDGlCMlJbcYjW1vQA+Zi6FtqQc3pRTGyMGr0bKj5fSYys7gvYd7XLkpr5Ls0O3WDIr5hhwnlhTUgJT1N3i0PYjnHASKsyQlB3LjJWTIqEoZiQr2IkkMcJ91CUdTUPEiXTS8YcZPNCKD4NI6AoVHKu/J1LEpRxwT3dypHpy1huJ/3mdRAVVJ6VhnCgS4smiIGFQRXAUF/SpIFixgSYIC6pvhbiHBMJKh1rQIVizL8+T5knFOqtYt6el2sU0jjzYA/ugDCxwDmrgGtRBA2DwBF7AG3g3no1X48MYTlpzxnRmF/yB8fUNtAuinw==</latexit>

xi ⇠ N(Dixi�1,⌃di)



<latexit sha1_base64="uIZZMaRDv3RfrOxpga8Ym+rBzhc="></latexit>

⌃�
i = ⌃di +Di⌃

+
i�1D

T
i



What’s going on here?

• Dynamics (not looking at i’th measurement yet):
<latexit sha1_base64="ZV3C/bag78lcJxIBP506wWOp/Kg=">AAACIXicbZDLSsNAFIYnXmu9RV26GSxCRS2JiHZZdONKKtoLNLFMppN26EwSZiZiCXkVN76KGxeKdCe+jNM2oLb+MPDznXM4c34vYlQqy/o05uYXFpeWcyv51bX1jU1za7suw1hgUsMhC0XTQ5IwGpCaooqRZiQI4h4jDa9/Oao3HoiQNAzu1CAiLkfdgPoUI6VR2ywnjufDx7Sd0GM7dSTl8LroeEgkzYzdJ4fpEXRuaZejH3LQNgtWyRoLzho7MwWQqdo2h04nxDEngcIMSdmyrUi5CRKKYkbSvBNLEiHcR13S0jZAnEg3GV+Ywn1NOtAPhX6BgmP6eyJBXMoB93QnR6onp2sj+F+tFSu/7CY0iGJFAjxZ5McMqhCO4oIdKghWbKANwoLqv0LcQwJhpUPN6xDs6ZNnTf2kZJ+V7JvTQuUiiyMHdsEeKAIbnIMKuAJVUAMYPIEX8AbejWfj1fgwhpPWOSOb2QF/ZHx9AwzBos8=</latexit>

xi�1 ⇠ N(X̄+
i�1,⌃

+
i�1)

<latexit sha1_base64="bKqFCtrmZde+bF8CuSKm/tV2unU=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQxZKIqBuhqAuXFewDmhAm00k7dDIJMxOxhvyDG3/FjQtF3Lpx5984bQNq64ELh3Pu5d57/JhRqSzryyjMzM7NLxQXS0vLK6tr5vpGQ0aJwKSOIxaJlo8kYZSTuqKKkVYsCAp9Rpp+/2LoN2+JkDTiN2oQEzdEXU4DipHSkmfupY4fwLvMS2l2ljoYMXiZeRT+yAd2tu/cE4U8s2xVrBHgNLFzUgY5ap756XQinISEK8yQlG3bipWbIqEoZiQrOYkkMcJ91CVtTTkKiXTT0U8Z3NFKBwaR0MUVHKm/J1IUSjkIfd0ZItWTk95Q/M9rJyo4dVPK40QRjseLgoRBFcFhQLBDBcGKDTRBWFB9K8Q9JBBWOsaSDsGefHmaNA4r9nHFvj4qV8/zOIpgC2yDXWCDE1AFV6AG6gCDB/AEXsCr8Wg8G2/G+7i1YOQzm+APjI9vdLGd4w==</latexit>

xi = Dixi�1 + ⇣

<latexit sha1_base64="q/PdYG/4vrM57jt0klV5PBkEzv4=">AAACCHicbVDLSsNAFJ34rPUVdenCwSJU0JKIqMuiG1dS0T6giWEynbRDZ5IwMxFqyNKNv+LGhSJu/QR3/o3TNgttPXDhcM693HuPHzMqlWV9GzOzc/MLi4Wl4vLK6tq6ubHZkFEiMKnjiEWi5SNJGA1JXVHFSCsWBHGfkabfvxj6zXsiJI3CWzWIictRN6QBxUhpyTN3nAeiEHQk5fCqbB1A54Z2OfJSmt2lh9m+Z5asijUCnCZ2TkogR80zv5xOhBNOQoUZkrJtW7FyUyQUxYxkRSeRJEa4j7qkrWmIOJFuOnokg3ta6cAgErpCBUfq74kUcSkH3NedHKmenPSG4n9eO1HBmZvSME4UCfF4UZAwqCI4TAV2qCBYsYEmCAuqb4W4hwTCSmdX1CHYky9Pk8ZRxT6p2NfHpep5HkcBbINdUAY2OAVVcAlqoA4weATP4BW8GU/Gi/FufIxbZ4x8Zgv8gfH5A7vAmIc=</latexit>

⇣ ⇠ N(0,⌃�
i )

<latexit sha1_base64="fV0nfUyZpv2puXPd9rauxbOvP7Y=">AAACIXicbVDLSsNAFJ3UV62vqks3g0WooCUR0S6LunAlFe0DmhAmk0k7dCYJMxOxhPyKG3/FjQtFuhN/xulD0NYDFw7n3Mu993gxo1KZ5qeRW1hcWl7JrxbW1jc2t4rbO00ZJQKTBo5YJNoekoTRkDQUVYy0Y0EQ9xhpef3Lkd96IELSKLxXg5g4HHVDGlCMlJbcYjW1vQA+Zi6FtqQc3pRTGyMGr0bKj5fSYys7gvYd7XLkpr5Ls0O3WDIr5hhwnlhTUgJT1N3i0PYjnHASKsyQlB3LjJWTIqEoZiQr2IkkMcJ91CUdTUPEiXTS8YcZPNCKD4NI6AoVHKu/J1LEpRxwT3dypHpy1huJ/3mdRAVVJ6VhnCgS4smiIGFQRXAUF/SpIFixgSYIC6pvhbiHBMJKh1rQIVizL8+T5knFOqtYt6el2sU0jjzYA/ugDCxwDmrgGtRBA2DwBF7AG3g3no1X48MYTlpzxnRmF/yB8fUNtAuinw==</latexit>

xi ⇠ N(Dixi�1,⌃di)

means that 

<latexit sha1_base64="+evUDUa5KT2neIhn7ow93tVOdXA=">AAACJXicbVDLSgMxFM3UV62vqks3wSK0C8uMiLpQKOrCZQX7gE4pmTTThiaZIclIyzA/48ZfcePCIoIrf8W0nYW2PRA4nHMuN/d4IaNK2/a3lVlZXVvfyG7mtrZ3dvfy+wd1FUQSkxoOWCCbHlKEUUFqmmpGmqEkiHuMNLzB3cRvPBOpaCCe9CgkbY56gvoUI22kTv7a5V4wjDlBIinGrufDYdKhpZvYxYjBe8PhskRMT52k1MkX7LI9BVwkTkoKIEW1kx+73QBHnAiNGVKq5dihbsdIaooZSXJupEiI8AD1SMtQgThR7Xh6ZQJPjNKFfiDNExpO1b8TMeJKjbhnkhzpvpr3JuIyrxVp/6odUxFGmgg8W+RHDOoATiqDXSoJ1mxkCMKSmr9C3EcSYW2KzZkSnPmTF0n9rOxclJ3H80LlNq0jC47AMSgCB1yCCngAVVADGLyAN/ABxtar9W59Wl+zaMZKZw7BP1g/v7cKpVw=</latexit>

mean(xi) = Dimean(xi�1)
<latexit sha1_base64="Gw/VtDDEaQ3/IguW98vSVNygMj4=">AAACE3icbVDLSgMxFM34rPU16tJNsAiitMyIqBuhqAuXFewDOtMhk2ba0MyDJCOUMP/gxl9x40IRt27c+Tem7QjaeuDCyTn3knuPnzAqpGV9GXPzC4tLy4WV4ura+samubXdEHHKManjmMW85SNBGI1IXVLJSCvhBIU+I01/cDXym/eECxpHd3KYEDdEvYgGFCOpJc88dHzEVSvzaEeVswvlYMTgtX7CH0PRsp111FHmmSWrYo0BZ4mdkxLIUfPMT6cb4zQkkcQMCdG2rUS6CnFJMSNZ0UkFSRAeoB5paxqhkAhXjW/K4L5WujCIua5IwrH6e0KhUIhh6OvOEMm+mPZG4n9eO5XBuatolKSSRHjyUZAyKGM4Cgh2KSdYsqEmCHOqd4W4jzjCUsdY1CHY0yfPksZxxT6t2LcnpeplHkcB7II9cABscAaq4AbUQB1g8ACewAt4NR6NZ+PNeJ+0zhn5zA74A+PjG7kDng4=</latexit>

X̄�
i = DiX̄

+
i�1

where

So

<latexit sha1_base64="uIZZMaRDv3RfrOxpga8Ym+rBzhc="></latexit>

⌃�
i = ⌃di +Di⌃

+
i�1D

T
i

<latexit sha1_base64="iyvsr+kpD+TTRWYI3XorXejK2Hk="></latexit>

cov(xi) = Dicov(xi�1)DT
i + cov(⇣)



<latexit sha1_base64="XoCnRpsGaasLdqAkqBxs1MMtcVg="></latexit>

X̄+
i = X̄�

i +Ki

⇥
yi �MiX̄

�
i

⇤

posterior mean is weighted combo
of prior mean and measurement

posterior mean is weighted combo
of prior mean and measurement

<latexit sha1_base64="nH75oKUOHnWSY02ILiYtto6VlqY="></latexit>

⌃+
i = [I �KiMi]⌃

�
i

posterior covar is weighted combo
of prior covar, measurement

matrix and measurement covar

<latexit sha1_base64="lsXvGVeFQFuNZe/A+hrSFH/eJDg="></latexit>

Ki = ⌃�
i M

T
i

⇥
Mi⌃

�
i M

T
i + ⌃mi

⇤

posterior covar is weighted combo
of prior covar, measurement

matrix and measurement covar



State Position
against time

Velocity

Position



Notice how uncertainty 
in state grows with 

movement and 
is reduced with 
measurement.





Tricks

• Smoothing
• You can build a representation of P(X_i|Y_0, …. Y_N) 

• (i.e. incorporating future measurements)
• run one filter forward, one backward

• posterior of forward filter is normal
• predictive for backward is normal
• etc.

• Polishing
• This means that, if I can endure latency, I can have two estimates

• one at the time of the i’th measurement
• one a few measurements later, that is more accurate





Forward



Backward





Data Association

• Nearest neighbours
• choose the measurement with highest probability given predicted state
• popular, but can lead to catastrophe

• Probabilistic Data Association
• combine measurements, weighting by probability given predicted state
• gate using predicted state



Example: Localization

• Assume 
• car state is (position; velocity; acceleration)

• it doesn’t rotate!
• this yields D_i, and noise

• we know  M_i and noise

• Then it’s all easy (plug in equations and go)
• but what if we have a LIDAR map and localize with IRLS?



Example: Harder localization

• Write state of vehicle:

• Can extract position as:

• State update is:

• Measurement is:

<latexit sha1_base64="Aio4TXuMQeEyvOgr9nIGU7fGU3g=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBRBLEkIupGKOrCZQV7gSaEyXTSDp1MwsxEWkLewI2v4saFIm7duvNtnLYRtPWHgY//nMOZ8/sxo1JZ1pdRmJtfWFwqLpdWVtfWN8zNrYaMEoFJHUcsEi0fScIoJ3VFFSOtWBAU+ow0/f7VqN68J0LSiN+pYUzcEHU5DShGSlueuZ86fgAHmUcvUgcjBq81wh8zpUd2dugMqGeWrYo1FpwFO4cyyFXzzE+nE+EkJFxhhqRs21as3BQJRTEjWclJJIkR7qMuaWvkKCTSTcf3ZHBPOx0YREI/ruDY/T2RolDKYejrzhCpnpyujcz/au1EBeduSnmcKMLxZFGQMKgiOAoHdqggWLGhBoQF1X+FuIcEwkpHWNIh2NMnz0LjuGKfVuzbk3L1Mo+jCHbALjgANjgDVXADaqAOMHgAT+AFvBqPxrPxZrxPWgtGPrMN/sj4+AbmBJvw</latexit>

xi = Dixi�1 + ⇠

<latexit sha1_base64="hljf7R4lnKPkI9ihS99a6qlImy8=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAIFaTMiLeNUOzGZQV7gbYMmTTThiaZIclIyzBP4sZXceNCEcGVvo3pdBba+kPg4z/ncHJ+L2RUadv+tnJLyyura/n1wsbm1vZOcXevqYJIYtLAAQtk20OKMCpIQ1PNSDuUBHGPkZY3qk3rrQciFQ3EvZ6EpMfRQFCfYqSN5RbP467nw0ni0usu94JxjOSAU5G4qR8lsFbO6ASmMDatx26xZFfsVHARnAxKIFPdLX52+wGOOBEaM6RUx7FD3TPLNMWMJIVupEiI8AgNSMegQJyoXpyel8Aj4/ShH0jzhIap+3siRlypCfdMJ0d6qOZrU/O/WifS/lUvpiKMNBF4tsiPGNQBnGYF+1QSrNnEAMKSmr9CPEQSYW0SLZgQnPmTF6F5WnEuKs7dWal6k8WRBwfgEJSBAy5BFdyCOmgADB7BM3gFb9aT9WK9Wx+z1pyVzeyDP7K+fgDT+qJC</latexit>

yi = argminuC(u,xi)

<latexit sha1_base64="ssHWcV+FJjTVzhHip39oJJ78cpM="></latexit>

xi =

✓
position
velocity

◆

<latexit sha1_base64="kvsUX2zy4zGYR7NVOKELZOEvMq8=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUlE1I1QdOOygn1AE8JkOmmHTpJhZiKWUNz4K25cKOLWr3Dn3zhts9DWAwPnnnMvd+4JBWdKO863tbC4tLyyWlorr29sbm3bO7tNlWaS0AZJeSrbIVaUs4Q2NNOctoWkOA45bYWD67HfuqdSsTS500NB/Rj3EhYxgrWRAns/98IIiVHALr06CwSa1A+mDuyKU3UmQPPELUgFCtQD+8vrpiSLaaIJx0p1XEdoP8dSM8LpqOxligpMBrhHO4YmOKbKzycnjNCRUbooSqV5iUYT9fdEjmOlhnFoOmOs+2rWG4v/eZ1MRxd+zhKRaZqQ6aIo40inaJwH6jJJieZDQzCRzPwVkT6WmGiTWtmE4M6ePE+aJ1X3rOrenlZqV0UcJTiAQzgGF86hBjdQhwYQeIRneIU368l6sd6tj2nrglXM7MEfWJ8/gDiW3A==</latexit>

pi = ⇧pxi

HUH?



Harder localization, II

• Model the cost function as:

• at the minimum - so actually, v=0
• now the cost function might be slightly wrong, which will cause errors in u
• if we use the model:

• then we have:

<latexit sha1_base64="XKIZ28oJsSMFtgvkWrTSFrJ3rWQ="></latexit>

C(u,xi) ⇡ c0 + vT (u� pi) + (u� pi)
T H

2
(u� pi)

<latexit sha1_base64="WxadbxwqTQoN6LIUrPycKp6qWmo=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpSkiHosetGLVLAf0May2W7apZtN2N0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz8/yYM6Ud59vKrayurW/kNwtb2zu7e/b+QUNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/vBm6jdHVCoWiUc9jqkX4r5gASNYG6lr2/cl5wx1FOuH+KmC7k67dtEpOzOgZeJmpAgZal37q9OLSBJSoQnHSrVdJ9ZeiqVmhNNJoZMoGmMyxH3aNlTgkCovnV0+QSdG6aEgkqaERjP190SKQ6XGoW86Q6wHatGbiv957UQHV17KRJxoKsh8UZBwpCM0jQH1mKRE87EhmEhmbkVkgCUm2oRVMCG4iy8vk0al7F6U3YfzYvU6iyMPR3AMJXDhEqpwCzWoA4ERPMMrvFmp9WK9Wx/z1pyVzRzCH1ifP8nGkdI=</latexit>

N(0,�2I)

<latexit sha1_base64="AXSJe1gNu46Z3OC90ZmXaYDwcxg=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARBLEmRdSNUHTTZQV7gSaGyXTSDp1cmJkIMeQ53Pgqblwo4k7c+DZO0yy09cAwH/9/DjPndyNGhTSMb620sLi0vFJeraytb2xu6ds7HRHGHJM2DlnIey4ShNGAtCWVjPQiTpDvMtJ1x9cTv3tPuKBhcCuTiNg+GgbUoxhJJTm6mVquB5PMoZc5xdn0jpRylFoYMdjM7tJj86SeQeuBSOToVaNm5AXnwSygCopqOfqnNQhx7JNAYoaE6JtGJO0UcUkxI1nFigWJEB6jIekrDJBPhJ3mq2XwQCkD6IVcnUDCXP09kSJfiMR3VaeP5EjMehPxP68fS+/CTmkQxZIEePqQFzMoQzjJCQ4oJ1iyRAHCnKq/QjxCHGGp0qyoEMzZleehU6+ZZzXz5rTauCriKIM9sA8OgQnOQQM0QQu0AQaP4Bm8gjftSXvR3rWPaWtJK2Z2wZ/Svn4Ay7igEw==</latexit>

yi = u = pi +H
�1/2⇣

<latexit sha1_base64="ZAhBpXTtzlI+mVf3nwk4VsK8fB4="></latexit>

C(yi,xi) ⇠ N(c0,
d�2

2
)

And a kind of “evenness” property 



Harder localization, III

• This property is reasonable:
• we can’t tell noise directions apart by their effect on the cost function

• Now we’re in business:

<latexit sha1_base64="E+L0RWHXoRAfcRHyekHOvxweJtc=">AAACHXicbVDLSsNAFJ3UV62vqks3g0WooCWRoi6LunAlFe0DmhAm00k7dCYJMxOxhPyIG3/FjQtFXLgR/8ZpG0FbD1w4nHMv997jRYxKZZpfRm5ufmFxKb9cWFldW98obm41ZRgLTBo4ZKFoe0gSRgPSUFQx0o4EQdxjpOUNzkd+644IScPgVg0j4nDUC6hPMVJacovVxPZ8eJ+6FNqScnhVTmyMGLwYKT9eQg+t9ADaN7THkUv33WLJrJhjwFliZaQEMtTd4ofdDXHMSaAwQ1J2LDNSToKEopiRtGDHkkQID1CPdDQNECfSScbfpXBPK13oh0JXoOBY/T2RIC7lkHu6kyPVl9PeSPzP68TKP3USGkSxIgGeLPJjBlUIR1HBLhUEKzbUBGFB9a0Q95FAWOlACzoEa/rlWdI8qljHFeu6WqqdZXHkwQ7YBWVggRNQA5egDhoAgwfwBF7Aq/FoPBtvxvukNWdkM9vgD4zPbzMEoLw=</latexit>

xi ⇠ N(Dixi�1,⌃i)

But what is this? 

Hessian of cost function at best location

<latexit sha1_base64="d5+bpjDWU8Tne37Q/UpZG7dGF5o="></latexit>

yi ⇠ N(⇧pxi,�
2
H

�1
i )

Choose this



OK Not OK

Formally:  car is non-holonomic

Example: Even harder localization!



Building a movement model
2

4
x
y
✓

3

5 !

2

4
x+ v�tcos✓
y + v�t sin ✓

✓

3

5θ

2

4
x
y
✓

3

5 !

2

4
x
y

✓ +�✓

3

5



A general movement model

θΔ

R

2

4
x
y
✓

3

5 !

2

4
x+R(sin(✓ +�✓)� sin ✓)
y �R(cos(✓ +�✓)� cos ✓)

✓ +�✓

3

5 THIS ISN’T LINEAR!

<latexit sha1_base64="0/JK089U+5aEQMMUHmcKV6tQLy4="></latexit>2

4
x
y
✓

3

5 !

2

4
x+ v cos ✓
y + v sin ✓

✓ + u

3

5

For sufficiently small timestep, bounded rate of change in angle, we get

v, u parameters of motion

THIS ISN’T LINEAR!



The extended Kalman filter

• What happens if state update, measurement aren’t linear?
• particle filter
• linearize and approximate (EKF)

xi = f(xi�1,n)

yi = g(xi,n)

Noise - normal, mean 0, Cov known



Recall:  The Kalman filter

Difference between
predicted and observed 

measurement

Assumption: state update
and measurement are linear

with normal noise

<latexit sha1_base64="uIZZMaRDv3RfrOxpga8Ym+rBzhc="></latexit>

⌃�
i = ⌃di +Di⌃

+
i�1D

T
i



Linearization and noise

• Two ways in which noise could affect x_i
• x_{i-1} is noisy
• AND there is n to account for

• Now consider some nonlinear function with noisy input
• first case

<latexit sha1_base64="7l7vk0An99JcVqPB+XRnYERTbpA="></latexit>

h(x) where x ⇠ N(x̄,⌃x)
<latexit sha1_base64="YwNQJVJTJnuuLewrczpaXSF7Mog="></latexit>

h(x̄+ ⇣) where ⇣ ⇠ N(0,⌃x)

<latexit sha1_base64="1qg+oEjWZdL7eLC2YKSwL8qKSSo="></latexit>

Jh,x =

2

4
@h1
@x1

. . . . . .

. . . @hi
@xj

. . .

. . . . . . . . .

3

5
<latexit sha1_base64="rEXwrt0J6EdrzxQzQQbFnwB6Ygc=">AAACI3icbVDLSgMxFM3UV62vqks3wSK0VMqMiIqrohtxVcE+oFPKnTTThmYeJBlpHfovbvwVNy6U4saF/2LazsK2HggczjmXm3uckDOpTPPbSK2srq1vpDczW9s7u3vZ/YOaDCJBaJUEPBANByTlzKdVxRSnjVBQ8BxO607/duLXn6iQLPAf1TCkLQ+6PnMZAaWldva6l7cdELHtuHgwKtrPVEEB2xCGIhjgObNQvG/HvVPN8DTWzubMkjkFXiZWQnIoQaWdHdudgEQe9RXhIGXTMkPVikEoRjgdZexI0hBIH7q0qakPHpWteHrjCJ9opYPdQOjnKzxV/07E4Ek59Byd9ED15KI3Ef/zmpFyr1ox88NIUZ/MFrkRxyrAk8JwhwlKFB9qAkQw/VdMeiCAKF1rRpdgLZ68TGpnJeuiZD2c58o3SR1pdISOUR5Z6BKV0R2qoCoi6AW9oQ/0abwa78bY+JpFU0Yyc4jmYPz8AnSqo4o=</latexit>

h(x̄+ ⇣) ⇡ h(x̄) + Jh,x⇣

Approximate

<latexit sha1_base64="oC1sjfAouliTOza2VqOrco0ujmI="></latexit>

h(x) ⇠ N(h(x̄), Jh,x⌃xJ
T
h,x)

Yields

Jacobian === derivative

xi = f(xi�1,n)



Linearization and noise

• Two ways in which noise could affect x_i
• x_{i-1} is noisy
• AND there is n to account for

• Now consider some nonlinear function with fixed input, 
noise
• second case

Approximate

Yields

Jacobian === derivative

xi = f(xi�1,n)

<latexit sha1_base64="lJTlrs2XSgKCBnU66q3GrIRot6w="></latexit>

h(x,n) where n ⇠ N(0,�n)

<latexit sha1_base64="omvFj3BLgLcEVJpxJaUMGCGPjPg="></latexit>

Jh,n =

2

4
@h1
@n1

. . . . . .

. . . @hi
@nj

. . .

. . . . . . . . .

3

5

<latexit sha1_base64="djcclL5m038mwaP4DdJxfs4gdoM=">AAACKXicbVDLSgMxFM3UV62vqks3wSK0WMqMiLosuhFXFewD2mHIpJk2NJMMSUZahvkdN/6KGwVF3fojpg9BWw8EDuecy809fsSo0rb9YWWWlldW17LruY3Nre2d/O5eQ4lYYlLHggnZ8pEijHJS11Qz0ookQaHPSNMfXI395j2Rigp+p0cRcUPU4zSgGGkjeflqv5h0/AAO0zKcEJ6WYAdFkRRDOO/Zaen4xkv6ZZP6SXv5gl2xJ4CLxJmRApih5uVfOl2B45BwjRlSqu3YkXYTJDXFjKS5TqxIhPAA9UjbUI5CotxkcmkKj4zShYGQ5nENJ+rviQSFSo1C3yRDpPtq3huL/3ntWAcXbkJ5FGvC8XRREDOoBRzXBrtUEqzZyBCEJTV/hbiPJMLalJszJTjzJy+SxknFOas4t6eF6uWsjiw4AIegCBxwDqrgGtRAHWDwAJ7AK3izHq1n6936nEYz1mxmH/yB9fUNBDukpw==</latexit>

h(x,n) ⇡ h(x,0) + Jh,nn

<latexit sha1_base64="YoNV40yX1nMCHswXx7M11G1f1bc="></latexit>

h(x,n) ⇠ N(h(x,0), Jh,n⌃nJ
T
h,n)



Recall:  The Kalman filter

Difference between
predicted and observed 

measurement

Assumption: state update
and measurement are linear

with normal noise

<latexit sha1_base64="uIZZMaRDv3RfrOxpga8Ym+rBzhc="></latexit>

⌃�
i = ⌃di +Di⌃

+
i�1D

T
i



The extended Kalman filter

• Linearize:
xi = f(xi�1,n)

Fx =

"
@f1
@x1

. . . . . .

. . . @fi
@xj

. . .

#

Fn =

"
@f1
@n1

. . . . . .

. . . @fi
@nj

. . .

#

Posterior covariance of x_{i-1}

Noise covariance

<latexit sha1_base64="Ta4kwOnx6/nNrHrCSqvF5r+P9Ls="></latexit>

xi ⇠ N(f(x̄+
i�1,0),Fx⌃

+
i�1F

T
x + Fn⌃n,iFT

n )



x�
i ⌃�

i

xi ⇠ N (f(xi�1,0),Fx⌃
+
i�1F

T
x + Fn⌃n,iFT

n



The extended Kalman filter

• Linearize: yi = g(xi,n)

<latexit sha1_base64="swLCrfWT8SEvQtePcdyeUwq2bqs="></latexit>

yi ⇡ N (g(xi,0),Gx⌃
�
i G

T
x + Gn⌃m,iGT

n )

<latexit sha1_base64="hJk+UEfdVDkAJOJ96LkvirRgsYc="></latexit>

Gx =

"
@g
@x1

. . . . . .

. . . @g
@x1

. . .

#

<latexit sha1_base64="Jd9k4iYb/kKcxn05AZ7q6Fi/R7Q="></latexit>

Gn =

"
@g
@n1

. . . . . .

. . . @g
@n1

. . .

#



x�
i ⌃�

i

This is the 
inverse of 

the covariance
of y_i

xi ⇠ N (f(xi�1,0),Fx⌃
+
i�1F

T
x + Fn⌃n,iFT

n



x�
i ⌃�

i

Difference between
predicted and true 

measurement

xi ⇠ N (f(xi�1,0),Fx⌃
+
i�1F

T
x + Fn⌃n,iFT

n



x�
i ⌃�

i

Linear measurement
model

xi ⇠ N (f(xi�1,0),Fx⌃
+
i�1F

T
x + Fn⌃n,iFT

n



x�
i ⌃�

i

xi = f(xi�1,n)

yi = g(xi,n)

⇥
yi � g(x�

i ,0)
⇤

KiGx

xi ⇠ N (f(xi�1,0),Fx⌃
+
i�1F

T
x + Fn⌃n,iFT

n

⇥
Gx⌃

�
i G

T
x + Gn⌃m,iGT

n

⇤�1

The extended kalman filter



Outcome and issues

• In principle, can now filter position/orientation wrt map
• linearize dynamics following recipe above
• linearize measurements ditto

• There could be problems
• EKF’s are fine if the linearization is reliable

• can be awful if not (next slides…)
• in fact, the map points are uncertain

• why not try to make/update map while moving?  SLAM, to follow


