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The Kalman filter is wonderful, but…

• The linear model of measurement isn’t always helpful
• Example: 

• our localization procedures

• The linear model of movement isn’t always helpful
• Example:

• the car in ND Kalman filter example is completely unrealistic

• What to do about non-linearities?



Example: Hard localization

• Example we saw
• Assume 

• car state is (position; velocity; acceleration)
• it doesn’t rotate!
• this yields D_i, and noise

• we know  M_i and noise for beacons
• Then it’s all easy (plug in equations and go)

• but what if we localize with IRLS?



IRLS localization

• Write state of vehicle:

• Can extract position as:

• State update is:

• Measurement is:

<latexit sha1_base64="Aio4TXuMQeEyvOgr9nIGU7fGU3g=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBRBLEkIupGKOrCZQV7gSaEyXTSDp1MwsxEWkLewI2v4saFIm7duvNtnLYRtPWHgY//nMOZ8/sxo1JZ1pdRmJtfWFwqLpdWVtfWN8zNrYaMEoFJHUcsEi0fScIoJ3VFFSOtWBAU+ow0/f7VqN68J0LSiN+pYUzcEHU5DShGSlueuZ86fgAHmUcvUgcjBq81wh8zpUd2dugMqGeWrYo1FpwFO4cyyFXzzE+nE+EkJFxhhqRs21as3BQJRTEjWclJJIkR7qMuaWvkKCTSTcf3ZHBPOx0YREI/ruDY/T2RolDKYejrzhCpnpyujcz/au1EBeduSnmcKMLxZFGQMKgiOAoHdqggWLGhBoQF1X+FuIcEwkpHWNIh2NMnz0LjuGKfVuzbk3L1Mo+jCHbALjgANjgDVXADaqAOMHgAT+AFvBqPxrPxZrxPWgtGPrMN/sj4+AbmBJvw</latexit>

xi = Dixi�1 + ⇠

<latexit sha1_base64="hljf7R4lnKPkI9ihS99a6qlImy8=">AAACHnicbZDLSgMxFIYz9VbrrerSTbAIFaTMiLeNUOzGZQV7gbYMmTTThiaZIclIyzBP4sZXceNCEcGVvo3pdBba+kPg4z/ncHJ+L2RUadv+tnJLyyura/n1wsbm1vZOcXevqYJIYtLAAQtk20OKMCpIQ1PNSDuUBHGPkZY3qk3rrQciFQ3EvZ6EpMfRQFCfYqSN5RbP467nw0ni0usu94JxjOSAU5G4qR8lsFbO6ASmMDatx26xZFfsVHARnAxKIFPdLX52+wGOOBEaM6RUx7FD3TPLNMWMJIVupEiI8AgNSMegQJyoXpyel8Aj4/ShH0jzhIap+3siRlypCfdMJ0d6qOZrU/O/WifS/lUvpiKMNBF4tsiPGNQBnGYF+1QSrNnEAMKSmr9CPEQSYW0SLZgQnPmTF6F5WnEuKs7dWal6k8WRBwfgEJSBAy5BFdyCOmgADB7BM3gFb9aT9WK9Wx+z1pyVzeyDP7K+fgDT+qJC</latexit>

yi = argminuC(u,xi)

<latexit sha1_base64="ssHWcV+FJjTVzhHip39oJJ78cpM="></latexit>

xi =

✓
position
velocity

◆

<latexit sha1_base64="kvsUX2zy4zGYR7NVOKELZOEvMq8=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUlE1I1QdOOygn1AE8JkOmmHTpJhZiKWUNz4K25cKOLWr3Dn3zhts9DWAwPnnnMvd+4JBWdKO863tbC4tLyyWlorr29sbm3bO7tNlWaS0AZJeSrbIVaUs4Q2NNOctoWkOA45bYWD67HfuqdSsTS500NB/Rj3EhYxgrWRAns/98IIiVHALr06CwSa1A+mDuyKU3UmQPPELUgFCtQD+8vrpiSLaaIJx0p1XEdoP8dSM8LpqOxligpMBrhHO4YmOKbKzycnjNCRUbooSqV5iUYT9fdEjmOlhnFoOmOs+2rWG4v/eZ1MRxd+zhKRaZqQ6aIo40inaJwH6jJJieZDQzCRzPwVkT6WmGiTWtmE4M6ePE+aJ1X3rOrenlZqV0UcJTiAQzgGF86hBjdQhwYQeIRneIU368l6sd6tj2nrglXM7MEfWJ8/gDiW3A==</latexit>

pi = ⇧pxi

HUH?



Harder localization trick

• Model the cost function as:

• at the minimum - so actually, v=0
• now the cost function might be slightly wrong, which will cause errors in u
• if we use the model:

• then we have:

<latexit sha1_base64="XKIZ28oJsSMFtgvkWrTSFrJ3rWQ="></latexit>

C(u,xi) ⇡ c0 + vT (u� pi) + (u� pi)
T H

2
(u� pi)

<latexit sha1_base64="WxadbxwqTQoN6LIUrPycKp6qWmo=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahgpSkiHosetGLVLAf0May2W7apZtN2N0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz8/yYM6Ud59vKrayurW/kNwtb2zu7e/b+QUNFiSS0TiIeyZaPFeVM0LpmmtNWLCkOfU6b/vBm6jdHVCoWiUc9jqkX4r5gASNYG6lr2/cl5wx1FOuH+KmC7k67dtEpOzOgZeJmpAgZal37q9OLSBJSoQnHSrVdJ9ZeiqVmhNNJoZMoGmMyxH3aNlTgkCovnV0+QSdG6aEgkqaERjP190SKQ6XGoW86Q6wHatGbiv957UQHV17KRJxoKsh8UZBwpCM0jQH1mKRE87EhmEhmbkVkgCUm2oRVMCG4iy8vk0al7F6U3YfzYvU6iyMPR3AMJXDhEqpwCzWoA4ERPMMrvFmp9WK9Wx/z1pyVzRzCH1ifP8nGkdI=</latexit>

N(0,�2I)

<latexit sha1_base64="AXSJe1gNu46Z3OC90ZmXaYDwcxg=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARBLEmRdSNUHTTZQV7gSaGyXTSDp1cmJkIMeQ53Pgqblwo4k7c+DZO0yy09cAwH/9/DjPndyNGhTSMb620sLi0vFJeraytb2xu6ds7HRHGHJM2DlnIey4ShNGAtCWVjPQiTpDvMtJ1x9cTv3tPuKBhcCuTiNg+GgbUoxhJJTm6mVquB5PMoZc5xdn0jpRylFoYMdjM7tJj86SeQeuBSOToVaNm5AXnwSygCopqOfqnNQhx7JNAYoaE6JtGJO0UcUkxI1nFigWJEB6jIekrDJBPhJ3mq2XwQCkD6IVcnUDCXP09kSJfiMR3VaeP5EjMehPxP68fS+/CTmkQxZIEePqQFzMoQzjJCQ4oJ1iyRAHCnKq/QjxCHGGp0qyoEMzZleehU6+ZZzXz5rTauCriKIM9sA8OgQnOQQM0QQu0AQaP4Bm8gjftSXvR3rWPaWtJK2Z2wZ/Svn4Ay7igEw==</latexit>

yi = u = pi +H
�1/2⇣

<latexit sha1_base64="ZAhBpXTtzlI+mVf3nwk4VsK8fB4="></latexit>

C(yi,xi) ⇠ N(c0,
d�2

2
)

And a kind of “evenness” property 



Harder localization trick, II

• This property is reasonable:
• we can’t tell noise directions apart by their effect on the cost function

• Now we’re in business:

<latexit sha1_base64="E+L0RWHXoRAfcRHyekHOvxweJtc=">AAACHXicbVDLSsNAFJ3UV62vqks3g0WooCWRoi6LunAlFe0DmhAm00k7dCYJMxOxhPyIG3/FjQtFXLgR/8ZpG0FbD1w4nHMv997jRYxKZZpfRm5ufmFxKb9cWFldW98obm41ZRgLTBo4ZKFoe0gSRgPSUFQx0o4EQdxjpOUNzkd+644IScPgVg0j4nDUC6hPMVJacovVxPZ8eJ+6FNqScnhVTmyMGLwYKT9eQg+t9ADaN7THkUv33WLJrJhjwFliZaQEMtTd4ofdDXHMSaAwQ1J2LDNSToKEopiRtGDHkkQID1CPdDQNECfSScbfpXBPK13oh0JXoOBY/T2RIC7lkHu6kyPVl9PeSPzP68TKP3USGkSxIgGeLPJjBlUIR1HBLhUEKzbUBGFB9a0Q95FAWOlACzoEa/rlWdI8qljHFeu6WqqdZXHkwQ7YBWVggRNQA5egDhoAgwfwBF7Aq/FoPBtvxvukNWdkM9vgD4zPbzMEoLw=</latexit>

xi ⇠ N(Dixi�1,⌃i)

Hessian of cost function at best location

<latexit sha1_base64="d5+bpjDWU8Tne37Q/UpZG7dGF5o="></latexit>

yi ⇠ N(⇧pxi,�
2
H

�1
i )

Choose this



OK Not OK

Formally:  car is non-holonomic

Example: Nasty dynamical model



Building a movement model
2

4
x
y
✓

3

5 !

2

4
x+ v�tcos✓
y + v�t sin ✓

✓

3

5θ

2

4
x
y
✓

3

5 !

2

4
x
y

✓ +�✓

3

5



A general movement model

θΔ

R

2

4
x
y
✓

3

5 !

2

4
x+R(sin(✓ +�✓)� sin ✓)
y �R(cos(✓ +�✓)� cos ✓)

✓ +�✓

3

5 THIS ISN’T LINEAR!

<latexit sha1_base64="0/JK089U+5aEQMMUHmcKV6tQLy4="></latexit>2

4
x
y
✓

3

5 !

2

4
x+ v cos ✓
y + v sin ✓

✓ + u

3

5

For sufficiently small timestep, bounded rate of change in angle, we get

v, u parameters of motion

THIS ISN’T LINEAR!



The extended Kalman filter

• What happens if state update, measurement aren’t linear?
• particle filter
• linearize and approximate (EKF)

xi = f(xi�1,n)

yi = g(xi,n)

Noise - normal, mean 0, Cov known



The steps, KF:

Have:

Construct:

Now construct:

Measurement arrives: 

Mean and covariance of posterior 
after i-1’th measurement

Mean and covariance of predictive
distribution just before i’th measurement

Mean and covariance of posterior
distribution just before i’th measurement

posterior mean is weighted combo
of prior mean and measurement

posterior covar is weighted combo
of prior covar, measurement

matrix and measurement covar



The steps, KF:

Have:
<latexit sha1_base64="LmvEAyjiTU4H+2cr09CnQ5s30nM=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARBLHMiKjLohuXFewD2nHIpJk2NJMMSUYo4yz8FTcuFHHrb7jzb8y0s9DWA4HDOfdwb04QM6q043xbpYXFpeWV8mplbX1jc8ve3mkpkUhMmlgwITsBUoRRTpqaakY6sSQoChhpB6Pr3G8/EKmo4Hd6HBMvQgNOQ4qRNpJv7/WEsfN02sn8lJ642X16nPl21ak5E8B54hakCgo0fPur1xc4iQjXmCGluq4Tay9FUlPMSFbpJYrECI/QgHQN5Sgiyksn92fw0Ch9GAppHtdwov5OpChSahwFZjJCeqhmvVz8z+smOrz0UsrjRBOOp4vChEEtYF4G7FNJsGZjQxCW1NwK8RBJhLWprGJKcGe/PE9apzX3vObenlXrV0UdZbAPDsARcMEFqIMb0ABNgMEjeAav4M16sl6sd+tjOlqyiswu+APr8wc70pY8</latexit>

X
+
i�1

<latexit sha1_base64="kpYlxxT5/SX1soPDtLx4LD5AZR8=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSIIYklE1GPRi8eK9gPaGDbbTbt0Nwm7m0IJ+SdePCji1X/izX/jts1BWx8MPN6bYWZekHCmtON8W0vLK6tr66WN8ubW9s6uvbffVHEqCW2QmMeyHWBFOYtoQzPNaTuRFIuA01YwvJ34rRGVisXRox4n1BO4H7GQEayN5Nt294H1BfYzdubmT9lp7tsVp+pMgRaJW5AKFKj79le3F5NU0EgTjpXquE6ivQxLzQinebmbKppgMsR92jE0woIqL5tenqNjo/RQGEtTkUZT9fdEhoVSYxGYToH1QM17E/E/r5Pq8NrLWJSkmkZktihMOdIxmsSAekxSovnYEEwkM7ciMsASE23CKpsQ3PmXF0nzvOpeVt37i0rtpoijBIdwBCfgwhXU4A7q0AACI3iGV3izMuvFerc+Zq1LVjFzAH9gff4A+3iTPQ==</latexit>

⌃+
i�1

Construct:
<latexit sha1_base64="/l/hzxiCbUJR5JTTwOPFHaWw+18=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0UQpCUpom6Eoi5cVrAPaGKYTKft0MkkzEyEEvIfbvwVNy4UcSW48G+ctFnY1gMDh3Pu4c49fsSoVJb1YxSWlldW14rrpY3Nre0dc3evJcNYYNLEIQtFx0eSMMpJU1HFSCcSBAU+I21/dJ357UciJA35vRpHxA3QgNM+xUhpyTNrTqjtLJ100oeKRy8TByMGb1KPwhkvOUm9hFbs1DPLVtWaAC4SOydlkKPhmV9OL8RxQLjCDEnZta1IuQkSimJG0pITSxIhPEID0tWUo4BIN5nclsIjrfRgPxT6cQUn6t9EggIpx4GvJwOkhnLey8T/vG6s+hduQnkUK8LxdFE/ZlCFMCsK9qggWLGxJggLqv8K8RAJhJWus6RLsOdPXiStWtU+q9p3p+X6VV5HERyAQ3AMbHAO6uAWNEATYPAEXsAbeDeejVfjw/icjhaMPLMPZmB8/wKeUKHE</latexit>

X
�
i = DiX

+
i�1

<latexit sha1_base64="1rGttM9rl+Xc/WKcVkoHatweSiA=">AAACJXicbZDLSsNAFIYn9VbrLerSzWARBGlJRNSFQlEXLiv2Bk0aJpNpO3RyYWYilJCXceOruHFhEcGVr+K0jaitPwz8fOcczpzfjRgV0jA+tNzC4tLySn61sLa+sbmlb+80RBhzTOo4ZCFvuUgQRgNSl1Qy0oo4Qb7LSNMdXI/rzQfCBQ2DmhxGxPZRL6BdipFUyNEvrHva85FDO6XLzCaeQ9OjxMKIwZvUod+Ylsy0U/rhnZqjF42yMRGcN2ZmiiBT1dFHlhfi2CeBxAwJ0TaNSNoJ4pJiRtKCFQsSITxAPdJWNkA+EXYyuTKFB4p4sBty9QIJJ/T3RIJ8IYa+qzp9JPtitjaG/9Xaseye2wkNoliSAE8XdWMGZQjHkUGPcoIlGyqDMKfqrxD3EUdYqmALKgRz9uR50zgum6dl8+6kWLnK4siDPbAPDoEJzkAF3IIqqAMMHsEzeAUj7Ul70d6092lrTstmdsEfaZ9f8iak6Q==</latexit>

⌃�
i = ⌃di +Di⌃

�
i�1D

T
i

Now construct:

<latexit sha1_base64="XoCnRpsGaasLdqAkqBxs1MMtcVg="></latexit>

X̄+
i = X̄�

i +Ki

⇥
yi �MiX̄

�
i

⇤ <latexit sha1_base64="nH75oKUOHnWSY02ILiYtto6VlqY="></latexit>

⌃+
i = [I �KiMi]⌃

�
i

<latexit sha1_base64="wyeOR04Fp8kS0KBKj95qeln8bCE="></latexit>

Ki = ⌃�
i M

T
i

⇥
Mi⌃

�
i M

T
i + ⌃mi

⇤�1Where:

Measurement arrives: 
<latexit sha1_base64="J0yRYVOGwUsdkJypZqrVkqRuxq0=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIL3BTdONGqWgf0IQwmU7aoTNJmJmIIeRL3PgrblwoIrjSv3H6WGjrgQuHc+7l3nv8mFGpLOvbKMzNLywuFZdLK6tr6xvm5lZTRonApIEjFom2jyRhNCQNRRUj7VgQxH1GWv7gYui37omQNArvVBoTl6NeSAOKkdKSZx5ljh/ANPcodCTl8LqSORgxeDVURt5D7mU0P4POLe1x5GWc5vueWbaq1ghwltgTUgYT1D3z0+lGOOEkVJghKTu2FSs3Q0JRzEhechJJYoQHqEc6moaIE+lmo/dyuKeVLgwioStUcKT+nsgQlzLlvu7kSPXltDcU//M6iQpO3YyGcaJIiMeLgoRBFcFhVrBLBcGKpZogLKi+FeI+EggrnWhJh2BPvzxLmgdV+7hq3xyWa+eTOIpgB+yCCrDBCaiBS1AHDYDBI3gGr+DNeDJejHfjY9xaMCYz2+APjK8fJoOh5g==</latexit>

yi ⇠ N(Mixi;⌃mi)



Linearization and noise

• Two ways in which noise could affect x_i
• x_{i-1} is noisy
• AND there is n to account for

• Now consider some nonlinear function with noisy input
• first case

<latexit sha1_base64="7l7vk0An99JcVqPB+XRnYERTbpA="></latexit>

h(x) where x ⇠ N(x̄,⌃x)
<latexit sha1_base64="YwNQJVJTJnuuLewrczpaXSF7Mog="></latexit>

h(x̄+ ⇣) where ⇣ ⇠ N(0,⌃x)

<latexit sha1_base64="1qg+oEjWZdL7eLC2YKSwL8qKSSo="></latexit>

Jh,x =

2

4
@h1
@x1

. . . . . .

. . . @hi
@xj

. . .

. . . . . . . . .

3

5
<latexit sha1_base64="rEXwrt0J6EdrzxQzQQbFnwB6Ygc=">AAACI3icbVDLSgMxFM3UV62vqks3wSK0VMqMiIqrohtxVcE+oFPKnTTThmYeJBlpHfovbvwVNy6U4saF/2LazsK2HggczjmXm3uckDOpTPPbSK2srq1vpDczW9s7u3vZ/YOaDCJBaJUEPBANByTlzKdVxRSnjVBQ8BxO607/duLXn6iQLPAf1TCkLQ+6PnMZAaWldva6l7cdELHtuHgwKtrPVEEB2xCGIhjgObNQvG/HvVPN8DTWzubMkjkFXiZWQnIoQaWdHdudgEQe9RXhIGXTMkPVikEoRjgdZexI0hBIH7q0qakPHpWteHrjCJ9opYPdQOjnKzxV/07E4Ek59Byd9ED15KI3Ef/zmpFyr1ox88NIUZ/MFrkRxyrAk8JwhwlKFB9qAkQw/VdMeiCAKF1rRpdgLZ68TGpnJeuiZD2c58o3SR1pdISOUR5Z6BKV0R2qoCoi6AW9oQ/0abwa78bY+JpFU0Yyc4jmYPz8AnSqo4o=</latexit>

h(x̄+ ⇣) ⇡ h(x̄) + Jh,x⇣

Approximate

<latexit sha1_base64="oC1sjfAouliTOza2VqOrco0ujmI="></latexit>

h(x) ⇠ N(h(x̄), Jh,x⌃xJ
T
h,x)

Yields

Jacobian === derivative

xi = f(xi�1,n)



Linearization and noise

• Two ways in which noise could affect x_i
• x_{i-1} is noisy
• AND there is n to account for

• Now consider some nonlinear function with fixed input, 
noise
• second case

Approximate

Yields

Jacobian === derivative

xi = f(xi�1,n)

<latexit sha1_base64="lJTlrs2XSgKCBnU66q3GrIRot6w="></latexit>

h(x,n) where n ⇠ N(0,�n)

<latexit sha1_base64="omvFj3BLgLcEVJpxJaUMGCGPjPg="></latexit>

Jh,n =

2

4
@h1
@n1

. . . . . .

. . . @hi
@nj

. . .

. . . . . . . . .

3

5

<latexit sha1_base64="djcclL5m038mwaP4DdJxfs4gdoM=">AAACKXicbVDLSgMxFM3UV62vqks3wSK0WMqMiLosuhFXFewD2mHIpJk2NJMMSUZahvkdN/6KGwVF3fojpg9BWw8EDuecy809fsSo0rb9YWWWlldW17LruY3Nre2d/O5eQ4lYYlLHggnZ8pEijHJS11Qz0ookQaHPSNMfXI395j2Rigp+p0cRcUPU4zSgGGkjeflqv5h0/AAO0zKcEJ6WYAdFkRRDOO/Zaen4xkv6ZZP6SXv5gl2xJ4CLxJmRApih5uVfOl2B45BwjRlSqu3YkXYTJDXFjKS5TqxIhPAA9UjbUI5CotxkcmkKj4zShYGQ5nENJ+rviQSFSo1C3yRDpPtq3huL/3ntWAcXbkJ5FGvC8XRREDOoBRzXBrtUEqzZyBCEJTV/hbiPJMLalJszJTjzJy+SxknFOas4t6eF6uWsjiw4AIegCBxwDqrgGtRAHWDwAJ7AK3izHq1n6936nEYz1mxmH/yB9fUNBDukpw==</latexit>

h(x,n) ⇡ h(x,0) + Jh,nn

<latexit sha1_base64="YoNV40yX1nMCHswXx7M11G1f1bc="></latexit>

h(x,n) ⇠ N(h(x,0), Jh,n⌃nJ
T
h,n)



The extended Kalman filter

• Linearize:

Fx =

"
@f1
@x1

. . . . . .

. . . @fi
@xj

. . .

#

Fn =

"
@f1
@n1

. . . . . .

. . . @fi
@nj

. . .

#

Posterior covariance of x_{i-1}

Noise covariance

<latexit sha1_base64="fqSu9MV6I+L3RVgeJN6iFHNCKEM="></latexit>

xi ⇠ N(fi(x̄
+
i�1,0),Fx⌃

+
i�1F

T
x + Fn⌃n,iFT

n )

<latexit sha1_base64="1kgZ+zG4hMwrBgmsJW0ET2SEibo=">AAACEnicbVBNS8MwGE7n15xfVY9egkPYQEcrol6EoRePE9wHbGWkWbqFpWlJUnGU/gYv/hUvHhTx6smb/8a0K6ibDyQ8eZ735c37uCGjUlnWl1FYWFxaXimultbWNza3zO2dlgwigUkTBywQHRdJwignTUUVI51QEOS7jLTd8VXqt++IkDTgt2oSEsdHQ049ipHSUt+sxj3Xg/dJP6bJhZfelR/lyE4OYfbkSbVvlq2alQHOEzsnZZCj0Tc/e4MARz7hCjMkZde2QuXESCiKGUlKvUiSEOExGpKuphz5RDpxtlICD7QygF4g9OEKZurvjhj5Uk58V1f6SI3krJeK/3ndSHnnTkx5GCnC8XSQFzGoApjmAwdUEKzYRBOEBdV/hXiEBMJKp1jSIdizK8+T1nHNPq3ZNyfl+mUeRxHsgX1QATY4A3VwDRqgCTB4AE/gBbwaj8az8Wa8T0sLRt6zC/7A+PgGVPSdOw==</latexit>

xi = fi(xi�1,n)



The steps, EKF:

Have:
<latexit sha1_base64="LmvEAyjiTU4H+2cr09CnQ5s30nM=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARBLHMiKjLohuXFewD2nHIpJk2NJMMSUYo4yz8FTcuFHHrb7jzb8y0s9DWA4HDOfdwb04QM6q043xbpYXFpeWV8mplbX1jc8ve3mkpkUhMmlgwITsBUoRRTpqaakY6sSQoChhpB6Pr3G8/EKmo4Hd6HBMvQgNOQ4qRNpJv7/WEsfN02sn8lJ642X16nPl21ak5E8B54hakCgo0fPur1xc4iQjXmCGluq4Tay9FUlPMSFbpJYrECI/QgHQN5Sgiyksn92fw0Ch9GAppHtdwov5OpChSahwFZjJCeqhmvVz8z+smOrz0UsrjRBOOp4vChEEtYF4G7FNJsGZjQxCW1NwK8RBJhLWprGJKcGe/PE9apzX3vObenlXrV0UdZbAPDsARcMEFqIMb0ABNgMEjeAav4M16sl6sd+tjOlqyiswu+APr8wc70pY8</latexit>

X
+
i�1

<latexit sha1_base64="kpYlxxT5/SX1soPDtLx4LD5AZR8=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSIIYklE1GPRi8eK9gPaGDbbTbt0Nwm7m0IJ+SdePCji1X/izX/jts1BWx8MPN6bYWZekHCmtON8W0vLK6tr66WN8ubW9s6uvbffVHEqCW2QmMeyHWBFOYtoQzPNaTuRFIuA01YwvJ34rRGVisXRox4n1BO4H7GQEayN5Nt294H1BfYzdubmT9lp7tsVp+pMgRaJW5AKFKj79le3F5NU0EgTjpXquE6ivQxLzQinebmbKppgMsR92jE0woIqL5tenqNjo/RQGEtTkUZT9fdEhoVSYxGYToH1QM17E/E/r5Pq8NrLWJSkmkZktihMOdIxmsSAekxSovnYEEwkM7ciMsASE23CKpsQ3PmXF0nzvOpeVt37i0rtpoijBIdwBCfgwhXU4A7q0AACI3iGV3izMuvFerc+Zq1LVjFzAH9gff4A+3iTPQ==</latexit>

⌃+
i�1

Construct:

Now construct:

Where:

Measurement arrives: 

<latexit sha1_base64="DRZ3bVGedvm+r1JrsFN1ViTUzgU=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARKtqSqKgboejGZQV7gSaGyXTSDp1cmJmIJeRB3Pgqblwo4saF4Ns4TbPQ1gMDP99/DmfO70aMCmkY31phbn5hcam4XFpZXVvf0De3WiKMOSZNHLKQd1wkCKMBaUoqGelEnCDfZaTtDq/GfvuecEHD4FaOImL7qB9Qj2IkFXL0Y8tFPOmkTkLTu6SaXngOrWTMcj34MOZVUzkH6SHMkJHuO3rZqBlZwVlh5qIM8mo4+qfVC3Hsk0BihoTomkYk7QRxSTEjacmKBYkQHqI+6SoZIJ8IO8mOS+GeIj3ohVy9QMKM/p5IkC/EyHdVp4/kQEx7Y/if142ld24nNIhiSQI8WeTFDMoQjpOCPcoJlmykBMKcqr9CPEAcYanyLKkQzOmTZ0XrqGae1sybk3L9Mo+jCHbALqgAE5yBOrgGDdAEGDyCZ/AK3rQn7UV71z4mrQUtn9kGf0r7+gHatqEr</latexit>

X̄�
i = fi(x̄

+
i�1,0)

<latexit sha1_base64="e09SjHM5aew8kHIGFN+jBzKSCM0="></latexit>

⌃�
i = Fx⌃

+
i�1F

T
x + Fn⌃n,iFT

n



The steps, EKF:

Have:
<latexit sha1_base64="LmvEAyjiTU4H+2cr09CnQ5s30nM=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARBLHMiKjLohuXFewD2nHIpJk2NJMMSUYo4yz8FTcuFHHrb7jzb8y0s9DWA4HDOfdwb04QM6q043xbpYXFpeWV8mplbX1jc8ve3mkpkUhMmlgwITsBUoRRTpqaakY6sSQoChhpB6Pr3G8/EKmo4Hd6HBMvQgNOQ4qRNpJv7/WEsfN02sn8lJ642X16nPl21ak5E8B54hakCgo0fPur1xc4iQjXmCGluq4Tay9FUlPMSFbpJYrECI/QgHQN5Sgiyksn92fw0Ch9GAppHtdwov5OpChSahwFZjJCeqhmvVz8z+smOrz0UsrjRBOOp4vChEEtYF4G7FNJsGZjQxCW1NwK8RBJhLWprGJKcGe/PE9apzX3vObenlXrV0UdZbAPDsARcMEFqIMb0ABNgMEjeAav4M16sl6sd+tjOlqyiswu+APr8wc70pY8</latexit>

X
+
i�1

<latexit sha1_base64="kpYlxxT5/SX1soPDtLx4LD5AZR8=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSIIYklE1GPRi8eK9gPaGDbbTbt0Nwm7m0IJ+SdePCji1X/izX/jts1BWx8MPN6bYWZekHCmtON8W0vLK6tr66WN8ubW9s6uvbffVHEqCW2QmMeyHWBFOYtoQzPNaTuRFIuA01YwvJ34rRGVisXRox4n1BO4H7GQEayN5Nt294H1BfYzdubmT9lp7tsVp+pMgRaJW5AKFKj79le3F5NU0EgTjpXquE6ivQxLzQinebmbKppgMsR92jE0woIqL5tenqNjo/RQGEtTkUZT9fdEhoVSYxGYToH1QM17E/E/r5Pq8NrLWJSkmkZktihMOdIxmsSAekxSovnYEEwkM7ciMsASE23CKpsQ3PmXF0nzvOpeVt37i0rtpoijBIdwBCfgwhXU4A7q0AACI3iGV3izMuvFerc+Zq1LVjFzAH9gff4A+3iTPQ==</latexit>

⌃+
i�1

Construct:

Now construct:

Where:

Measurement arrives: 

<latexit sha1_base64="DRZ3bVGedvm+r1JrsFN1ViTUzgU=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARKtqSqKgboejGZQV7gSaGyXTSDp1cmJmIJeRB3Pgqblwo4saF4Ns4TbPQ1gMDP99/DmfO70aMCmkY31phbn5hcam4XFpZXVvf0De3WiKMOSZNHLKQd1wkCKMBaUoqGelEnCDfZaTtDq/GfvuecEHD4FaOImL7qB9Qj2IkFXL0Y8tFPOmkTkLTu6SaXngOrWTMcj34MOZVUzkH6SHMkJHuO3rZqBlZwVlh5qIM8mo4+qfVC3Hsk0BihoTomkYk7QRxSTEjacmKBYkQHqI+6SoZIJ8IO8mOS+GeIj3ohVy9QMKM/p5IkC/EyHdVp4/kQEx7Y/if142ld24nNIhiSQI8WeTFDMoQjpOCPcoJlmykBMKcqr9CPEAcYanyLKkQzOmTZ0XrqGae1sybk3L9Mo+jCHbALqgAE5yBOrgGDdAEGDyCZ/AK3rQn7UV71z4mrQUtn9kGf0r7+gHatqEr</latexit>

X̄�
i = fi(x̄

+
i�1,0)

<latexit sha1_base64="e09SjHM5aew8kHIGFN+jBzKSCM0="></latexit>

⌃�
i = Fx⌃

+
i�1F

T
x + Fn⌃n,iFT

n

<latexit sha1_base64="WhxrOj3aIKDFEBb4R+96yTTSr0g=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICURUTdC0Y3LCvYBbQiT6aQdOpmEmYkYQtZu/BU3LhRx6xe482+cpllo64GBc8+5lzv3eBGjUlnWt1FaWFxaXimvVtbWNza3zO2dtgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS88fXE79wTIWnI71QSESdAQ059ipHSkmvup33Ph0nm0suhS2t59aCrY5hTnh25ZtWqWzngPLELUgUFmq751R+EOA4IV5ghKXu2FSknRUJRzEhW6ceSRAiP0ZD0NOUoINJJ81MyeKiVAfRDoR9XMFd/T6QokDIJPN0ZIDWSs95E/M/rxcq/cFLKo1gRjqeL/JhBFcJJLnBABcGKJZogLKj+K8QjJBBWOr2KDsGePXmetE/q9lndvj2tNq6KOMpgDxyAGrDBOWiAG9AELYDBI3gGr+DNeDJejHfjY9paMoqZXfAHxucPv5aZpw==</latexit>

yi = gi(xi,n)



The extended Kalman filter

• Linearize:

<latexit sha1_base64="hJk+UEfdVDkAJOJ96LkvirRgsYc="></latexit>

Gx =

"
@g
@x1

. . . . . .

. . . @g
@x1

. . .

#

<latexit sha1_base64="Jd9k4iYb/kKcxn05AZ7q6Fi/R7Q="></latexit>

Gn =

"
@g
@n1

. . . . . .

. . . @g
@n1

. . .

#

<latexit sha1_base64="WhxrOj3aIKDFEBb4R+96yTTSr0g=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICURUTdC0Y3LCvYBbQiT6aQdOpmEmYkYQtZu/BU3LhRx6xe482+cpllo64GBc8+5lzv3eBGjUlnWt1FaWFxaXimvVtbWNza3zO2dtgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS88fXE79wTIWnI71QSESdAQ059ipHSkmvup33Ph0nm0suhS2t59aCrY5hTnh25ZtWqWzngPLELUgUFmq751R+EOA4IV5ghKXu2FSknRUJRzEhW6ceSRAiP0ZD0NOUoINJJ81MyeKiVAfRDoR9XMFd/T6QokDIJPN0ZIDWSs95E/M/rxcq/cFLKo1gRjqeL/JhBFcJJLnBABcGKJZogLKj+K8QjJBBWOr2KDsGePXmetE/q9lndvj2tNq6KOMpgDxyAGrDBOWiAG9AELYDBI3gGr+DNeDJejHfjY9paMoqZXfAHxucPv5aZpw==</latexit>

yi = gi(xi,n)

<latexit sha1_base64="y3YPH1eyQUU+evUcCGc/G2IxHrA="></latexit>

yi ⇡ N (gi(X̄
�
i ,0),Gx⌃

�
i G

T
x + Gn⌃m,iGT

n )



Recall:  The steps, KF:

Have:
<latexit sha1_base64="LmvEAyjiTU4H+2cr09CnQ5s30nM=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARBLHMiKjLohuXFewD2nHIpJk2NJMMSUYo4yz8FTcuFHHrb7jzb8y0s9DWA4HDOfdwb04QM6q043xbpYXFpeWV8mplbX1jc8ve3mkpkUhMmlgwITsBUoRRTpqaakY6sSQoChhpB6Pr3G8/EKmo4Hd6HBMvQgNOQ4qRNpJv7/WEsfN02sn8lJ642X16nPl21ak5E8B54hakCgo0fPur1xc4iQjXmCGluq4Tay9FUlPMSFbpJYrECI/QgHQN5Sgiyksn92fw0Ch9GAppHtdwov5OpChSahwFZjJCeqhmvVz8z+smOrz0UsrjRBOOp4vChEEtYF4G7FNJsGZjQxCW1NwK8RBJhLWprGJKcGe/PE9apzX3vObenlXrV0UdZbAPDsARcMEFqIMb0ABNgMEjeAav4M16sl6sd+tjOlqyiswu+APr8wc70pY8</latexit>

X
+
i�1

<latexit sha1_base64="kpYlxxT5/SX1soPDtLx4LD5AZR8=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSIIYklE1GPRi8eK9gPaGDbbTbt0Nwm7m0IJ+SdePCji1X/izX/jts1BWx8MPN6bYWZekHCmtON8W0vLK6tr66WN8ubW9s6uvbffVHEqCW2QmMeyHWBFOYtoQzPNaTuRFIuA01YwvJ34rRGVisXRox4n1BO4H7GQEayN5Nt294H1BfYzdubmT9lp7tsVp+pMgRaJW5AKFKj79le3F5NU0EgTjpXquE6ivQxLzQinebmbKppgMsR92jE0woIqL5tenqNjo/RQGEtTkUZT9fdEhoVSYxGYToH1QM17E/E/r5Pq8NrLWJSkmkZktihMOdIxmsSAekxSovnYEEwkM7ciMsASE23CKpsQ3PmXF0nzvOpeVt37i0rtpoijBIdwBCfgwhXU4A7q0AACI3iGV3izMuvFerc+Zq1LVjFzAH9gff4A+3iTPQ==</latexit>

⌃+
i�1

Construct:
<latexit sha1_base64="/l/hzxiCbUJR5JTTwOPFHaWw+18=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0UQpCUpom6Eoi5cVrAPaGKYTKft0MkkzEyEEvIfbvwVNy4UcSW48G+ctFnY1gMDh3Pu4c49fsSoVJb1YxSWlldW14rrpY3Nre0dc3evJcNYYNLEIQtFx0eSMMpJU1HFSCcSBAU+I21/dJ357UciJA35vRpHxA3QgNM+xUhpyTNrTqjtLJ100oeKRy8TByMGb1KPwhkvOUm9hFbs1DPLVtWaAC4SOydlkKPhmV9OL8RxQLjCDEnZta1IuQkSimJG0pITSxIhPEID0tWUo4BIN5nclsIjrfRgPxT6cQUn6t9EggIpx4GvJwOkhnLey8T/vG6s+hduQnkUK8LxdFE/ZlCFMCsK9qggWLGxJggLqv8K8RAJhJWus6RLsOdPXiStWtU+q9p3p+X6VV5HERyAQ3AMbHAO6uAWNEATYPAEXsAbeDeejVfjw/icjhaMPLMPZmB8/wKeUKHE</latexit>

X
�
i = DiX

+
i�1

<latexit sha1_base64="1rGttM9rl+Xc/WKcVkoHatweSiA=">AAACJXicbZDLSsNAFIYn9VbrLerSzWARBGlJRNSFQlEXLiv2Bk0aJpNpO3RyYWYilJCXceOruHFhEcGVr+K0jaitPwz8fOcczpzfjRgV0jA+tNzC4tLySn61sLa+sbmlb+80RBhzTOo4ZCFvuUgQRgNSl1Qy0oo4Qb7LSNMdXI/rzQfCBQ2DmhxGxPZRL6BdipFUyNEvrHva85FDO6XLzCaeQ9OjxMKIwZvUod+Ylsy0U/rhnZqjF42yMRGcN2ZmiiBT1dFHlhfi2CeBxAwJ0TaNSNoJ4pJiRtKCFQsSITxAPdJWNkA+EXYyuTKFB4p4sBty9QIJJ/T3RIJ8IYa+qzp9JPtitjaG/9Xaseye2wkNoliSAE8XdWMGZQjHkUGPcoIlGyqDMKfqrxD3EUdYqmALKgRz9uR50zgum6dl8+6kWLnK4siDPbAPDoEJzkAF3IIqqAMMHsEzeAUj7Ul70d6092lrTstmdsEfaZ9f8iak6Q==</latexit>

⌃�
i = ⌃di +Di⌃

�
i�1D

T
i

Now construct:

<latexit sha1_base64="XoCnRpsGaasLdqAkqBxs1MMtcVg="></latexit>

X̄+
i = X̄�

i +Ki

⇥
yi �MiX̄

�
i

⇤ <latexit sha1_base64="nH75oKUOHnWSY02ILiYtto6VlqY="></latexit>

⌃+
i = [I �KiMi]⌃

�
i

<latexit sha1_base64="wyeOR04Fp8kS0KBKj95qeln8bCE="></latexit>

Ki = ⌃�
i M

T
i

⇥
Mi⌃

�
i M

T
i + ⌃mi

⇤�1Where:

Measurement arrives: 
<latexit sha1_base64="J0yRYVOGwUsdkJypZqrVkqRuxq0=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIL3BTdONGqWgf0IQwmU7aoTNJmJmIIeRL3PgrblwoIrjSv3H6WGjrgQuHc+7l3nv8mFGpLOvbKMzNLywuFZdLK6tr6xvm5lZTRonApIEjFom2jyRhNCQNRRUj7VgQxH1GWv7gYui37omQNArvVBoTl6NeSAOKkdKSZx5ljh/ANPcodCTl8LqSORgxeDVURt5D7mU0P4POLe1x5GWc5vueWbaq1ghwltgTUgYT1D3z0+lGOOEkVJghKTu2FSs3Q0JRzEhechJJYoQHqEc6moaIE+lmo/dyuKeVLgwioStUcKT+nsgQlzLlvu7kSPXltDcU//M6iQpO3YyGcaJIiMeLgoRBFcFhVrBLBcGKpZogLKi+FeI+EggrnWhJh2BPvzxLmgdV+7hq3xyWa+eTOIpgB+yCCrDBCaiBS1AHDYDBI3gGr+DNeDJejHfjY9xaMCYz2+APjK8fJoOh5g==</latexit>

yi ⇠ N(Mixi;⌃mi)
Difference between

predicted and observed 
measurement



The steps, EKF:

Have:
<latexit sha1_base64="LmvEAyjiTU4H+2cr09CnQ5s30nM=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARBLHMiKjLohuXFewD2nHIpJk2NJMMSUYo4yz8FTcuFHHrb7jzb8y0s9DWA4HDOfdwb04QM6q043xbpYXFpeWV8mplbX1jc8ve3mkpkUhMmlgwITsBUoRRTpqaakY6sSQoChhpB6Pr3G8/EKmo4Hd6HBMvQgNOQ4qRNpJv7/WEsfN02sn8lJ642X16nPl21ak5E8B54hakCgo0fPur1xc4iQjXmCGluq4Tay9FUlPMSFbpJYrECI/QgHQN5Sgiyksn92fw0Ch9GAppHtdwov5OpChSahwFZjJCeqhmvVz8z+smOrz0UsrjRBOOp4vChEEtYF4G7FNJsGZjQxCW1NwK8RBJhLWprGJKcGe/PE9apzX3vObenlXrV0UdZbAPDsARcMEFqIMb0ABNgMEjeAav4M16sl6sd+tjOlqyiswu+APr8wc70pY8</latexit>

X
+
i�1

<latexit sha1_base64="kpYlxxT5/SX1soPDtLx4LD5AZR8=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSIIYklE1GPRi8eK9gPaGDbbTbt0Nwm7m0IJ+SdePCji1X/izX/jts1BWx8MPN6bYWZekHCmtON8W0vLK6tr66WN8ubW9s6uvbffVHEqCW2QmMeyHWBFOYtoQzPNaTuRFIuA01YwvJ34rRGVisXRox4n1BO4H7GQEayN5Nt294H1BfYzdubmT9lp7tsVp+pMgRaJW5AKFKj79le3F5NU0EgTjpXquE6ivQxLzQinebmbKppgMsR92jE0woIqL5tenqNjo/RQGEtTkUZT9fdEhoVSYxGYToH1QM17E/E/r5Pq8NrLWJSkmkZktihMOdIxmsSAekxSovnYEEwkM7ciMsASE23CKpsQ3PmXF0nzvOpeVt37i0rtpoijBIdwBCfgwhXU4A7q0AACI3iGV3izMuvFerc+Zq1LVjFzAH9gff4A+3iTPQ==</latexit>

⌃+
i�1

Construct:

Now construct:

Where:

Measurement arrives: 

<latexit sha1_base64="DRZ3bVGedvm+r1JrsFN1ViTUzgU=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARKtqSqKgboejGZQV7gSaGyXTSDp1cmJmIJeRB3Pgqblwo4saF4Ns4TbPQ1gMDP99/DmfO70aMCmkY31phbn5hcam4XFpZXVvf0De3WiKMOSZNHLKQd1wkCKMBaUoqGelEnCDfZaTtDq/GfvuecEHD4FaOImL7qB9Qj2IkFXL0Y8tFPOmkTkLTu6SaXngOrWTMcj34MOZVUzkH6SHMkJHuO3rZqBlZwVlh5qIM8mo4+qfVC3Hsk0BihoTomkYk7QRxSTEjacmKBYkQHqI+6SoZIJ8IO8mOS+GeIj3ohVy9QMKM/p5IkC/EyHdVp4/kQEx7Y/if142ld24nNIhiSQI8WeTFDMoQjpOCPcoJlmykBMKcqr9CPEAcYanyLKkQzOmTZ0XrqGae1sybk3L9Mo+jCHbALqgAE5yBOrgGDdAEGDyCZ/AK3rQn7UV71z4mrQUtn9kGf0r7+gHatqEr</latexit>

X̄�
i = fi(x̄

+
i�1,0)

<latexit sha1_base64="e09SjHM5aew8kHIGFN+jBzKSCM0="></latexit>

⌃�
i = Fx⌃

+
i�1F

T
x + Fn⌃n,iFT

n

<latexit sha1_base64="WhxrOj3aIKDFEBb4R+96yTTSr0g=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICURUTdC0Y3LCvYBbQiT6aQdOpmEmYkYQtZu/BU3LhRx6xe482+cpllo64GBc8+5lzv3eBGjUlnWt1FaWFxaXimvVtbWNza3zO2dtgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS88fXE79wTIWnI71QSESdAQ059ipHSkmvup33Ph0nm0suhS2t59aCrY5hTnh25ZtWqWzngPLELUgUFmq751R+EOA4IV5ghKXu2FSknRUJRzEhW6ceSRAiP0ZD0NOUoINJJ81MyeKiVAfRDoR9XMFd/T6QokDIJPN0ZIDWSs95E/M/rxcq/cFLKo1gRjqeL/JhBFcJJLnBABcGKJZogLKj+K8QjJBBWOr2KDsGePXmetE/q9lndvj2tNq6KOMpgDxyAGrDBOWiAG9AELYDBI3gGr+DNeDJejHfjY9paMoqZXfAHxucPv5aZpw==</latexit>

yi = gi(xi,n)

Difference between
predicted and observed 

measurement

<latexit sha1_base64="UqmRCeIdvEEplNOoPPKbJYpXjKo="></latexit>

X̄+
i = X̄�

i +Ki

⇥
yi � gi(X̄

�
i ,0)

⇤



Recall:  The steps, KF:

Have:
<latexit sha1_base64="LmvEAyjiTU4H+2cr09CnQ5s30nM=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARBLHMiKjLohuXFewD2nHIpJk2NJMMSUYo4yz8FTcuFHHrb7jzb8y0s9DWA4HDOfdwb04QM6q043xbpYXFpeWV8mplbX1jc8ve3mkpkUhMmlgwITsBUoRRTpqaakY6sSQoChhpB6Pr3G8/EKmo4Hd6HBMvQgNOQ4qRNpJv7/WEsfN02sn8lJ642X16nPl21ak5E8B54hakCgo0fPur1xc4iQjXmCGluq4Tay9FUlPMSFbpJYrECI/QgHQN5Sgiyksn92fw0Ch9GAppHtdwov5OpChSahwFZjJCeqhmvVz8z+smOrz0UsrjRBOOp4vChEEtYF4G7FNJsGZjQxCW1NwK8RBJhLWprGJKcGe/PE9apzX3vObenlXrV0UdZbAPDsARcMEFqIMb0ABNgMEjeAav4M16sl6sd+tjOlqyiswu+APr8wc70pY8</latexit>

X
+
i�1

<latexit sha1_base64="kpYlxxT5/SX1soPDtLx4LD5AZR8=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSIIYklE1GPRi8eK9gPaGDbbTbt0Nwm7m0IJ+SdePCji1X/izX/jts1BWx8MPN6bYWZekHCmtON8W0vLK6tr66WN8ubW9s6uvbffVHEqCW2QmMeyHWBFOYtoQzPNaTuRFIuA01YwvJ34rRGVisXRox4n1BO4H7GQEayN5Nt294H1BfYzdubmT9lp7tsVp+pMgRaJW5AKFKj79le3F5NU0EgTjpXquE6ivQxLzQinebmbKppgMsR92jE0woIqL5tenqNjo/RQGEtTkUZT9fdEhoVSYxGYToH1QM17E/E/r5Pq8NrLWJSkmkZktihMOdIxmsSAekxSovnYEEwkM7ciMsASE23CKpsQ3PmXF0nzvOpeVt37i0rtpoijBIdwBCfgwhXU4A7q0AACI3iGV3izMuvFerc+Zq1LVjFzAH9gff4A+3iTPQ==</latexit>

⌃+
i�1

Construct:
<latexit sha1_base64="/l/hzxiCbUJR5JTTwOPFHaWw+18=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0UQpCUpom6Eoi5cVrAPaGKYTKft0MkkzEyEEvIfbvwVNy4UcSW48G+ctFnY1gMDh3Pu4c49fsSoVJb1YxSWlldW14rrpY3Nre0dc3evJcNYYNLEIQtFx0eSMMpJU1HFSCcSBAU+I21/dJ357UciJA35vRpHxA3QgNM+xUhpyTNrTqjtLJ100oeKRy8TByMGb1KPwhkvOUm9hFbs1DPLVtWaAC4SOydlkKPhmV9OL8RxQLjCDEnZta1IuQkSimJG0pITSxIhPEID0tWUo4BIN5nclsIjrfRgPxT6cQUn6t9EggIpx4GvJwOkhnLey8T/vG6s+hduQnkUK8LxdFE/ZlCFMCsK9qggWLGxJggLqv8K8RAJhJWus6RLsOdPXiStWtU+q9p3p+X6VV5HERyAQ3AMbHAO6uAWNEATYPAEXsAbeDeejVfjw/icjhaMPLMPZmB8/wKeUKHE</latexit>

X
�
i = DiX

+
i�1

<latexit sha1_base64="1rGttM9rl+Xc/WKcVkoHatweSiA=">AAACJXicbZDLSsNAFIYn9VbrLerSzWARBGlJRNSFQlEXLiv2Bk0aJpNpO3RyYWYilJCXceOruHFhEcGVr+K0jaitPwz8fOcczpzfjRgV0jA+tNzC4tLySn61sLa+sbmlb+80RBhzTOo4ZCFvuUgQRgNSl1Qy0oo4Qb7LSNMdXI/rzQfCBQ2DmhxGxPZRL6BdipFUyNEvrHva85FDO6XLzCaeQ9OjxMKIwZvUod+Ylsy0U/rhnZqjF42yMRGcN2ZmiiBT1dFHlhfi2CeBxAwJ0TaNSNoJ4pJiRtKCFQsSITxAPdJWNkA+EXYyuTKFB4p4sBty9QIJJ/T3RIJ8IYa+qzp9JPtitjaG/9Xaseye2wkNoliSAE8XdWMGZQjHkUGPcoIlGyqDMKfqrxD3EUdYqmALKgRz9uR50zgum6dl8+6kWLnK4siDPbAPDoEJzkAF3IIqqAMMHsEzeAUj7Ul70d6092lrTstmdsEfaZ9f8iak6Q==</latexit>

⌃�
i = ⌃di +Di⌃

�
i�1D

T
i

Now construct:

<latexit sha1_base64="XoCnRpsGaasLdqAkqBxs1MMtcVg="></latexit>

X̄+
i = X̄�

i +Ki

⇥
yi �MiX̄

�
i

⇤ <latexit sha1_base64="nH75oKUOHnWSY02ILiYtto6VlqY="></latexit>

⌃+
i = [I �KiMi]⌃

�
i

<latexit sha1_base64="wyeOR04Fp8kS0KBKj95qeln8bCE="></latexit>

Ki = ⌃�
i M

T
i

⇥
Mi⌃

�
i M

T
i + ⌃mi

⇤�1Where:

Measurement arrives: 
<latexit sha1_base64="J0yRYVOGwUsdkJypZqrVkqRuxq0=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIL3BTdONGqWgf0IQwmU7aoTNJmJmIIeRL3PgrblwoIrjSv3H6WGjrgQuHc+7l3nv8mFGpLOvbKMzNLywuFZdLK6tr6xvm5lZTRonApIEjFom2jyRhNCQNRRUj7VgQxH1GWv7gYui37omQNArvVBoTl6NeSAOKkdKSZx5ljh/ANPcodCTl8LqSORgxeDVURt5D7mU0P4POLe1x5GWc5vueWbaq1ghwltgTUgYT1D3z0+lGOOEkVJghKTu2FSs3Q0JRzEhechJJYoQHqEc6moaIE+lmo/dyuKeVLgwioStUcKT+nsgQlzLlvu7kSPXltDcU//M6iQpO3YyGcaJIiMeLgoRBFcFhVrBLBcGKpZogLKi+FeI+EggrnWhJh2BPvzxLmgdV+7hq3xyWa+eTOIpgB+yCCrDBCaiBS1AHDYDBI3gGr+DNeDJejHfjY9xaMCYz2+APjK8fJoOh5g==</latexit>

yi ⇠ N(Mixi;⌃mi)
Linear measurement

model



The steps, EKF:

Have:
<latexit sha1_base64="LmvEAyjiTU4H+2cr09CnQ5s30nM=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARBLHMiKjLohuXFewD2nHIpJk2NJMMSUYo4yz8FTcuFHHrb7jzb8y0s9DWA4HDOfdwb04QM6q043xbpYXFpeWV8mplbX1jc8ve3mkpkUhMmlgwITsBUoRRTpqaakY6sSQoChhpB6Pr3G8/EKmo4Hd6HBMvQgNOQ4qRNpJv7/WEsfN02sn8lJ642X16nPl21ak5E8B54hakCgo0fPur1xc4iQjXmCGluq4Tay9FUlPMSFbpJYrECI/QgHQN5Sgiyksn92fw0Ch9GAppHtdwov5OpChSahwFZjJCeqhmvVz8z+smOrz0UsrjRBOOp4vChEEtYF4G7FNJsGZjQxCW1NwK8RBJhLWprGJKcGe/PE9apzX3vObenlXrV0UdZbAPDsARcMEFqIMb0ABNgMEjeAav4M16sl6sd+tjOlqyiswu+APr8wc70pY8</latexit>

X
+
i�1

<latexit sha1_base64="kpYlxxT5/SX1soPDtLx4LD5AZR8=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSIIYklE1GPRi8eK9gPaGDbbTbt0Nwm7m0IJ+SdePCji1X/izX/jts1BWx8MPN6bYWZekHCmtON8W0vLK6tr66WN8ubW9s6uvbffVHEqCW2QmMeyHWBFOYtoQzPNaTuRFIuA01YwvJ34rRGVisXRox4n1BO4H7GQEayN5Nt294H1BfYzdubmT9lp7tsVp+pMgRaJW5AKFKj79le3F5NU0EgTjpXquE6ivQxLzQinebmbKppgMsR92jE0woIqL5tenqNjo/RQGEtTkUZT9fdEhoVSYxGYToH1QM17E/E/r5Pq8NrLWJSkmkZktihMOdIxmsSAekxSovnYEEwkM7ciMsASE23CKpsQ3PmXF0nzvOpeVt37i0rtpoijBIdwBCfgwhXU4A7q0AACI3iGV3izMuvFerc+Zq1LVjFzAH9gff4A+3iTPQ==</latexit>

⌃+
i�1

Construct:

Now construct:

Where:

Measurement arrives: 

<latexit sha1_base64="DRZ3bVGedvm+r1JrsFN1ViTUzgU=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARKtqSqKgboejGZQV7gSaGyXTSDp1cmJmIJeRB3Pgqblwo4saF4Ns4TbPQ1gMDP99/DmfO70aMCmkY31phbn5hcam4XFpZXVvf0De3WiKMOSZNHLKQd1wkCKMBaUoqGelEnCDfZaTtDq/GfvuecEHD4FaOImL7qB9Qj2IkFXL0Y8tFPOmkTkLTu6SaXngOrWTMcj34MOZVUzkH6SHMkJHuO3rZqBlZwVlh5qIM8mo4+qfVC3Hsk0BihoTomkYk7QRxSTEjacmKBYkQHqI+6SoZIJ8IO8mOS+GeIj3ohVy9QMKM/p5IkC/EyHdVp4/kQEx7Y/if142ld24nNIhiSQI8WeTFDMoQjpOCPcoJlmykBMKcqr9CPEAcYanyLKkQzOmTZ0XrqGae1sybk3L9Mo+jCHbALqgAE5yBOrgGDdAEGDyCZ/AK3rQn7UV71z4mrQUtn9kGf0r7+gHatqEr</latexit>

X̄�
i = fi(x̄

+
i�1,0)

<latexit sha1_base64="e09SjHM5aew8kHIGFN+jBzKSCM0="></latexit>

⌃�
i = Fx⌃

+
i�1F

T
x + Fn⌃n,iFT

n

<latexit sha1_base64="WhxrOj3aIKDFEBb4R+96yTTSr0g=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICURUTdC0Y3LCvYBbQiT6aQdOpmEmYkYQtZu/BU3LhRx6xe482+cpllo64GBc8+5lzv3eBGjUlnWt1FaWFxaXimvVtbWNza3zO2dtgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS88fXE79wTIWnI71QSESdAQ059ipHSkmvup33Ph0nm0suhS2t59aCrY5hTnh25ZtWqWzngPLELUgUFmq751R+EOA4IV5ghKXu2FSknRUJRzEhW6ceSRAiP0ZD0NOUoINJJ81MyeKiVAfRDoR9XMFd/T6QokDIJPN0ZIDWSs95E/M/rxcq/cFLKo1gRjqeL/JhBFcJJLnBABcGKJZogLKj+K8QjJBBWOr2KDsGePXmetE/q9lndvj2tNq6KOMpgDxyAGrDBOWiAG9AELYDBI3gGr+DNeDJejHfjY9paMoqZXfAHxucPv5aZpw==</latexit>

yi = gi(xi,n)

<latexit sha1_base64="UqmRCeIdvEEplNOoPPKbJYpXjKo="></latexit>

X̄+
i = X̄�

i +Ki

⇥
yi � gi(X̄

�
i ,0)

⇤ <latexit sha1_base64="oWsuf57pPmDUs74kVm7qDgUj/aE="></latexit>

⌃+
i = [Id�KiGx]⌃

�
i



Recall:  The steps, KF:

Have:
<latexit sha1_base64="LmvEAyjiTU4H+2cr09CnQ5s30nM=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARBLHMiKjLohuXFewD2nHIpJk2NJMMSUYo4yz8FTcuFHHrb7jzb8y0s9DWA4HDOfdwb04QM6q043xbpYXFpeWV8mplbX1jc8ve3mkpkUhMmlgwITsBUoRRTpqaakY6sSQoChhpB6Pr3G8/EKmo4Hd6HBMvQgNOQ4qRNpJv7/WEsfN02sn8lJ642X16nPl21ak5E8B54hakCgo0fPur1xc4iQjXmCGluq4Tay9FUlPMSFbpJYrECI/QgHQN5Sgiyksn92fw0Ch9GAppHtdwov5OpChSahwFZjJCeqhmvVz8z+smOrz0UsrjRBOOp4vChEEtYF4G7FNJsGZjQxCW1NwK8RBJhLWprGJKcGe/PE9apzX3vObenlXrV0UdZbAPDsARcMEFqIMb0ABNgMEjeAav4M16sl6sd+tjOlqyiswu+APr8wc70pY8</latexit>

X
+
i�1

<latexit sha1_base64="kpYlxxT5/SX1soPDtLx4LD5AZR8=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSIIYklE1GPRi8eK9gPaGDbbTbt0Nwm7m0IJ+SdePCji1X/izX/jts1BWx8MPN6bYWZekHCmtON8W0vLK6tr66WN8ubW9s6uvbffVHEqCW2QmMeyHWBFOYtoQzPNaTuRFIuA01YwvJ34rRGVisXRox4n1BO4H7GQEayN5Nt294H1BfYzdubmT9lp7tsVp+pMgRaJW5AKFKj79le3F5NU0EgTjpXquE6ivQxLzQinebmbKppgMsR92jE0woIqL5tenqNjo/RQGEtTkUZT9fdEhoVSYxGYToH1QM17E/E/r5Pq8NrLWJSkmkZktihMOdIxmsSAekxSovnYEEwkM7ciMsASE23CKpsQ3PmXF0nzvOpeVt37i0rtpoijBIdwBCfgwhXU4A7q0AACI3iGV3izMuvFerc+Zq1LVjFzAH9gff4A+3iTPQ==</latexit>

⌃+
i�1

Construct:
<latexit sha1_base64="/l/hzxiCbUJR5JTTwOPFHaWw+18=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0UQpCUpom6Eoi5cVrAPaGKYTKft0MkkzEyEEvIfbvwVNy4UcSW48G+ctFnY1gMDh3Pu4c49fsSoVJb1YxSWlldW14rrpY3Nre0dc3evJcNYYNLEIQtFx0eSMMpJU1HFSCcSBAU+I21/dJ357UciJA35vRpHxA3QgNM+xUhpyTNrTqjtLJ100oeKRy8TByMGb1KPwhkvOUm9hFbs1DPLVtWaAC4SOydlkKPhmV9OL8RxQLjCDEnZta1IuQkSimJG0pITSxIhPEID0tWUo4BIN5nclsIjrfRgPxT6cQUn6t9EggIpx4GvJwOkhnLey8T/vG6s+hduQnkUK8LxdFE/ZlCFMCsK9qggWLGxJggLqv8K8RAJhJWus6RLsOdPXiStWtU+q9p3p+X6VV5HERyAQ3AMbHAO6uAWNEATYPAEXsAbeDeejVfjw/icjhaMPLMPZmB8/wKeUKHE</latexit>

X
�
i = DiX

+
i�1

<latexit sha1_base64="1rGttM9rl+Xc/WKcVkoHatweSiA=">AAACJXicbZDLSsNAFIYn9VbrLerSzWARBGlJRNSFQlEXLiv2Bk0aJpNpO3RyYWYilJCXceOruHFhEcGVr+K0jaitPwz8fOcczpzfjRgV0jA+tNzC4tLySn61sLa+sbmlb+80RBhzTOo4ZCFvuUgQRgNSl1Qy0oo4Qb7LSNMdXI/rzQfCBQ2DmhxGxPZRL6BdipFUyNEvrHva85FDO6XLzCaeQ9OjxMKIwZvUod+Ylsy0U/rhnZqjF42yMRGcN2ZmiiBT1dFHlhfi2CeBxAwJ0TaNSNoJ4pJiRtKCFQsSITxAPdJWNkA+EXYyuTKFB4p4sBty9QIJJ/T3RIJ8IYa+qzp9JPtitjaG/9Xaseye2wkNoliSAE8XdWMGZQjHkUGPcoIlGyqDMKfqrxD3EUdYqmALKgRz9uR50zgum6dl8+6kWLnK4siDPbAPDoEJzkAF3IIqqAMMHsEzeAUj7Ul70d6092lrTstmdsEfaZ9f8iak6Q==</latexit>

⌃�
i = ⌃di +Di⌃

�
i�1D

T
i

Now construct:

<latexit sha1_base64="XoCnRpsGaasLdqAkqBxs1MMtcVg="></latexit>

X̄+
i = X̄�

i +Ki

⇥
yi �MiX̄

�
i

⇤ <latexit sha1_base64="nH75oKUOHnWSY02ILiYtto6VlqY="></latexit>

⌃+
i = [I �KiMi]⌃

�
i

<latexit sha1_base64="wyeOR04Fp8kS0KBKj95qeln8bCE="></latexit>

Ki = ⌃�
i M

T
i

⇥
Mi⌃

�
i M

T
i + ⌃mi

⇤�1Where:

Measurement arrives: 
<latexit sha1_base64="J0yRYVOGwUsdkJypZqrVkqRuxq0=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIL3BTdONGqWgf0IQwmU7aoTNJmJmIIeRL3PgrblwoIrjSv3H6WGjrgQuHc+7l3nv8mFGpLOvbKMzNLywuFZdLK6tr6xvm5lZTRonApIEjFom2jyRhNCQNRRUj7VgQxH1GWv7gYui37omQNArvVBoTl6NeSAOKkdKSZx5ljh/ANPcodCTl8LqSORgxeDVURt5D7mU0P4POLe1x5GWc5vueWbaq1ghwltgTUgYT1D3z0+lGOOEkVJghKTu2FSs3Q0JRzEhechJJYoQHqEc6moaIE+lmo/dyuKeVLgwioStUcKT+nsgQlzLlvu7kSPXltDcU//M6iQpO3YyGcaJIiMeLgoRBFcFhVrBLBcGKpZogLKi+FeI+EggrnWhJh2BPvzxLmgdV+7hq3xyWa+eTOIpgB+yCCrDBCaiBS1AHDYDBI3gGr+DNeDJejHfjY9xaMCYz2+APjK8fJoOh5g==</latexit>

yi ⇠ N(Mixi;⌃mi)Inverse of the covariance of y_i

Linear measurement
model



The steps, EKF:

Have:
<latexit sha1_base64="LmvEAyjiTU4H+2cr09CnQ5s30nM=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARBLHMiKjLohuXFewD2nHIpJk2NJMMSUYo4yz8FTcuFHHrb7jzb8y0s9DWA4HDOfdwb04QM6q043xbpYXFpeWV8mplbX1jc8ve3mkpkUhMmlgwITsBUoRRTpqaakY6sSQoChhpB6Pr3G8/EKmo4Hd6HBMvQgNOQ4qRNpJv7/WEsfN02sn8lJ642X16nPl21ak5E8B54hakCgo0fPur1xc4iQjXmCGluq4Tay9FUlPMSFbpJYrECI/QgHQN5Sgiyksn92fw0Ch9GAppHtdwov5OpChSahwFZjJCeqhmvVz8z+smOrz0UsrjRBOOp4vChEEtYF4G7FNJsGZjQxCW1NwK8RBJhLWprGJKcGe/PE9apzX3vObenlXrV0UdZbAPDsARcMEFqIMb0ABNgMEjeAav4M16sl6sd+tjOlqyiswu+APr8wc70pY8</latexit>

X
+
i�1

<latexit sha1_base64="kpYlxxT5/SX1soPDtLx4LD5AZR8=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSIIYklE1GPRi8eK9gPaGDbbTbt0Nwm7m0IJ+SdePCji1X/izX/jts1BWx8MPN6bYWZekHCmtON8W0vLK6tr66WN8ubW9s6uvbffVHEqCW2QmMeyHWBFOYtoQzPNaTuRFIuA01YwvJ34rRGVisXRox4n1BO4H7GQEayN5Nt294H1BfYzdubmT9lp7tsVp+pMgRaJW5AKFKj79le3F5NU0EgTjpXquE6ivQxLzQinebmbKppgMsR92jE0woIqL5tenqNjo/RQGEtTkUZT9fdEhoVSYxGYToH1QM17E/E/r5Pq8NrLWJSkmkZktihMOdIxmsSAekxSovnYEEwkM7ciMsASE23CKpsQ3PmXF0nzvOpeVt37i0rtpoijBIdwBCfgwhXU4A7q0AACI3iGV3izMuvFerc+Zq1LVjFzAH9gff4A+3iTPQ==</latexit>

⌃+
i�1

Construct:

Now construct:

Where:

Measurement arrives: 

<latexit sha1_base64="DRZ3bVGedvm+r1JrsFN1ViTUzgU=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARKtqSqKgboejGZQV7gSaGyXTSDp1cmJmIJeRB3Pgqblwo4saF4Ns4TbPQ1gMDP99/DmfO70aMCmkY31phbn5hcam4XFpZXVvf0De3WiKMOSZNHLKQd1wkCKMBaUoqGelEnCDfZaTtDq/GfvuecEHD4FaOImL7qB9Qj2IkFXL0Y8tFPOmkTkLTu6SaXngOrWTMcj34MOZVUzkH6SHMkJHuO3rZqBlZwVlh5qIM8mo4+qfVC3Hsk0BihoTomkYk7QRxSTEjacmKBYkQHqI+6SoZIJ8IO8mOS+GeIj3ohVy9QMKM/p5IkC/EyHdVp4/kQEx7Y/if142ld24nNIhiSQI8WeTFDMoQjpOCPcoJlmykBMKcqr9CPEAcYanyLKkQzOmTZ0XrqGae1sybk3L9Mo+jCHbALqgAE5yBOrgGDdAEGDyCZ/AK3rQn7UV71z4mrQUtn9kGf0r7+gHatqEr</latexit>

X̄�
i = fi(x̄

+
i�1,0)

<latexit sha1_base64="e09SjHM5aew8kHIGFN+jBzKSCM0="></latexit>

⌃�
i = Fx⌃

+
i�1F

T
x + Fn⌃n,iFT

n

<latexit sha1_base64="WhxrOj3aIKDFEBb4R+96yTTSr0g=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0WoICURUTdC0Y3LCvYBbQiT6aQdOpmEmYkYQtZu/BU3LhRx6xe482+cpllo64GBc8+5lzv3eBGjUlnWt1FaWFxaXimvVtbWNza3zO2dtgxjgUkLhywUXQ9JwignLUUVI91IEBR4jHS88fXE79wTIWnI71QSESdAQ059ipHSkmvup33Ph0nm0suhS2t59aCrY5hTnh25ZtWqWzngPLELUgUFmq751R+EOA4IV5ghKXu2FSknRUJRzEhW6ceSRAiP0ZD0NOUoINJJ81MyeKiVAfRDoR9XMFd/T6QokDIJPN0ZIDWSs95E/M/rxcq/cFLKo1gRjqeL/JhBFcJJLnBABcGKJZogLKj+K8QjJBBWOr2KDsGePXmetE/q9lndvj2tNq6KOMpgDxyAGrDBOWiAG9AELYDBI3gGr+DNeDJejHfjY9paMoqZXfAHxucPv5aZpw==</latexit>

yi = gi(xi,n)

<latexit sha1_base64="UqmRCeIdvEEplNOoPPKbJYpXjKo="></latexit>

X̄+
i = X̄�

i +Ki

⇥
yi � gi(X̄

�
i ,0)

⇤ <latexit sha1_base64="oWsuf57pPmDUs74kVm7qDgUj/aE="></latexit>

⌃+
i = [Id�KiGx]⌃

�
i

<latexit sha1_base64="49vidxSXrHZPzzX1A4XzieYUp70="></latexit>

Ki = ⌃�
i G

T
x

⇥
Gx⌃

�
i G

T
x + Gn⌃m,iGT

n

⇤�1



Outcome and issues

• In principle, can now filter position/orientation wrt map
• linearize dynamics following recipe above
• linearize measurements ditto

• There could be problems
• EKF’s are fine if the linearization is reliable

• can be awful if not (examples)
• in fact, the map points are uncertain

• why not try to make/update map while moving?  SLAM, to follow


