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Dimension and its nuisances

• Counting:

• A d-dimensional cube has 2^d vertices


• Volume:

• your intuitions about volume are wrong in high dimension

• consider cubical “orange” in high d


• skin depth e/2

• pulp (1-e)

• volume of pulp:


• (1-e)^d

• volume of skin:


• 1-(1-e)^d

• IT’S ALL SKIN!


• Almost all the volume of high d objects is very close to surface
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Why do we care?

• Our configuration space may be inconveniently large

• even 3D is much harder than 2D


• We need the ideas to talk about dynamics

• planning with dynamics is very different from kinematic planning



Dynamics make planning harder

• Dynamics introduce differential constraints

ẋ = f(x, u)

StateDerivative of state Control input - 

there might be 


constraints on this, 

too

Quite possibly nasty



Phase space

• Configuration space + all relevant derivatives


• For us, very likely:


•  position+orientation+velocity+ang.velocity



Simple example

• Configuration space:  x 

• (with complications created by obstacle)


• State is:  

• (x, v)

• so phase space is 2D


• Dynamics are:

Point robot

on a line

Obstacle

✓
ẋ
v̇

◆
=

✓
v
u

◆



Simplest case - extend obstacles 

Lavalle, Ch 14 

= derivatives



The phase space…

x

v

Obstacle

(x, v)



Limits on phase variables

• Configuration space:  x 

• (with complications created by obstacle)


• State is:  

• (x, v)

• so phase space is 2D


• Velocity limits are:  -1<v<1

• draw phase space with obstacles

Point robot

on a line

Obstacle



Phase space is now

x

v

Obstacle

(x, v)



Constraints on phase variables

Lavalle, Ch 14 



Control limits create nasty obstacles

• State is:  (x, v)

• differential constraints:

Point robot

on a line

Obstacle

✓
ẋ
v̇

◆
=

✓
v
u

◆

Control constraint:
 �1  u  1



x

v

Obstacle

(x, v)

I’m here, and

decelerate

�x = v2

2

Distance travelled

until stationary


at acceleration = -1



x

v

Obstacle

(x, v)

Keep out of here, too



Helicopter height-velocity diagram

(colloquially, dead man’s curve;

from wikipedia; there are all sorts

of operating limits to helicopters)



Random roadmaps

• Problems:

• We can’t construct


• visibility complexes

• voronoi diagrams

• grids


• cause the space is “too big” (too many neighbors/faces/etc)

• Potential functions may have nasty behaviors, too


• Idea:

• draw random samples in configuration space, and join up

• we might get a road map like this, and samples are relatively easy to draw
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Random trees

• Notice how randomized roadmap is for “any plan”

• but we may not need that

• plan for a specific start, a specific goal


• For the moment, focus on start

• grow a tree with start at root

• join tree to goal


• perhaps by growing backward from goal, and linking


• Q: how to grow the tree?
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RRT’s expand (another way)

• The nodes of the tree are 

• mostly on the boundary

• of a “blob” of nodes


• because that’s where the volume is


• Draw a sample in c-space

• if the blob is spread out in c-space, it’s “inside”, but we’re OK

• otherwise, sample is likely “outside”


• so nearest node is very likely on boundary



• The sample qrand is drawn UAR from configuration space

• or reject if inside obstacle

• this could be tricky


• Notice

• tree builds out into free space quickly

• in different applications, one uses different epsilon


• sometimes even add whole edge
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• Notice

• Drawing the sample could get tricky

• You need to be able to do the collision detection for the edge


• BUT 

• many/most edges should be easy if there is a lot of free space



A quick conservative test - I

• Construct an axis aligned bounding box in 3-space

• containing all configurations on the edge segment

• how?  below


• Test this box against objects

• no intersection?  edge is OK

• intersection?  more detailed test



A quick conservative test - II

• Building a box for robot rotating and translating

• Robot rotates about origin in its own coordinate system


• this origin translates

In c-space

In 3D



A quick conservative test - II

• Building a box for robot rotating and translating

• Robot rotates about origin in its own coordinate system


• this origin translates

• Build bounding sphere, centered on origin, in advance


• Translate this sphere’s center - yields box


• Loose, quick bound

• Loose


• if segment intersects by this test

• subdivide and go again



Bad for kinematic chains



Bad for kinematic chains - II

• Specialized techniques

• typically per segment bounds

• see Lavalle chapter, on website



Build one out from start

one out from goal


join
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