
Camera Geometry

A. Mantegna, Martyrdom of St. Christopher, c. 1450



Overview
• Motivation: recovery of 3D structure
• Pinhole projection model
• Properties of projection
• Perspective projection matrix
• Orthographic projection



Given an image, can we recover 3D structure?

J. Vermeer, Music Lesson, 1662

A. Criminisi, M. Kemp, and A. Zisserman, Bringing Pictorial Space to Life: computer techniques for the 
analysis of paintings, Proc. Computers and the History of Art, 2002

http://research.microsoft.com/apps/pubs/default.aspx?id=67260
http://research.microsoft.com/apps/pubs/default.aspx?id=67260


Things aren’t always as they appear…



Single-view ambiguity

𝒙

𝑿? 𝑿? 𝑿?



Single-view ambiguity

Rashad Alakbarov shadow sculptures

https://shadowsculptures.wordpress.com/2015/04/28/rashad-alakbarov/


Anamorphic perspective

H. Holbein The Younger, The Ambassadors, 1533
https://en.wikipedia.org/wiki/Anamorphosis

https://en.wikipedia.org/wiki/Anamorphosis
https://en.wikipedia.org/wiki/Anamorphosis
https://en.wikipedia.org/wiki/Anamorphosis
https://en.wikipedia.org/wiki/Anamorphosis


Our goal: Recovery of 3D structure
• When certain assumptions hold, 

we can recover structure from a 
single view

• In general, we need 
multi-view geometry

Image 
source

• But first, we need to understand the geometry of a single camera…

https://www.3dflow.net/elementsCV/S4.xhtml
https://www.3dflow.net/elementsCV/S4.xhtml


More about horizons

Image source: S. Seitz

camera
center

ground plane



Yet more about horizons



Projection of 3D shapes
• What is are the relationships between the geometric 

properties of general 3D surfaces and their 2D projections? 

Barbara Hepworth sculpture

https://artblart.com/2015/10/21/exhibition-barbara-hepworth-sculpture-for-a-modern-world-at-tate-britain-london/


Camera rotation
Black camera is red camera, but rotated around the focal point
There is a one-one map between pixels in black image plane 

and red image plane (this is a homography, as we’ll show 
later)



Camera translation
There is no longer a 1-1 map; some pixels in red camera cannot 

be seen in black, and vice versa
Here the red camera can see R and the black camera can’t;
 the black camera can see B and the red camera can’t.



Projection of 3D shapes
• What is the shape of the projection of a sphere?

Image source: F. Durand



Projection of 3D shapes
• What is the shape of the projection of a sphere?



Projection of 3D shapes

Contour generator

Outline

Relation between contour generator 
And outline is geometrically very 
Complicated.  Surprisingly hard to say
Much about surface from outline.



Projection of 3D shapes

J. Koenderink. What does the occluding contour tell us about solid shape? Perception 13 (321-330), 1984

https://journals.sagepub.com/doi/pdf/10.1068/p130321


Projection of 3D shapes

J. Koenderink. What does the occluding contour tell us about solid shape? Perception 13 (321-330), 1984

https://journals.sagepub.com/doi/pdf/10.1068/p130321


Projection of 3D shapes
• Are the widths of the projected columns equal?

• The exterior columns are wider
• This is not an optical illusion, and is not due to lens flaws
• Phenomenon pointed out by Leonardo Da Vinci

Source: F. Durand



Perspective distortion: People



Overview
• Motivation: recovery of 3D structure
• Pinhole projection model
• Properties of projection
• Perspective projection matrix
• Orthographic projection



Homogeneous coordinates

• Add an extra coordinate and use an equivalence relation
• for 2D
• equivalence relation

k*(X,Y,Z) is the same as                    (X,Y,Z) 

• for 3D
• equivalence relation

k*(X,Y,Z,T) is the same as                    (X,Y,Z,T)

• “Ordinary” or “non-homogeneous” coordinates 
• properly called affine coordinates
• in 3D, affine -> homogeneous

• in 3D, homogeneous to affine



Homogenous coordinates

• Notice (0, 0, 0, 0) is meaningless (HC’s for 3D)
• also (0, 0, 0) in 2D

• Basic notion
• Possible to represent points “at infinity” by careful use of zero
• Where parallel lines intersect
• eg

• Where parallel planes intersect (etc)

• Can write the action of a perspective camera as a matrix

and

intersect at 



Homogeneous coordinates



Homogeneous coordinates for a line



You can see the point at infinity



Homogeneous coordinates for the plane



You can see the line at infinity, too!



The camera matrix

• Turn previous expression into HC’s
• HC’s for 3D point are (X,Y,Z,T)
• HC’s for point in image are (U,V,W)

In Camera coordinate system:



The camera matrix

<latexit sha1_base64="3wU0HPfYjGXVF5b87ZbHGzFicjo=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2MwF48RzAOTJcxOepMhs7PLzKwQlvyFFw+KePVvvPk3TpI9aLSgoajqprsrSATXxnW/nMLK6tr6RnGztLW9s7tX3j9o6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WBcn/ntR1Sax/LeTBL0IzqUPOSMGis9ZD1GBalP+0m/XHGr7hzkL/FyUoEcjX75szeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/OIpObHKgISxsiUNmas/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsfTLgCpkRE0soU9zeStiIKsqMDalkQ/CWX/5LWmdV77J6cXdeqd3kcRThCI7hFDy4ghrcQgOawEDCE7zAq6OdZ+fNeV+0Fpx85hB+wfn4BjESkJ4=</latexit>

Cp

Notice:  focal point = f = (0, 0, 0, 1)^T  has the property: 

<latexit sha1_base64="Q1iwxFeCi1j/77IZ29W+vD3JvQE=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCq5KIr41Q7MZlBfuAJoTJdNIOnTyYmQglBNz4K25cKOLWn3Dn3zhts9DWA5d7OOdeZu7xE86ksqxvo7S0vLK6Vl6vbGxube+Yu3ttGaeC0BaJeSy6PpaUs4i2FFOcdhNBcehz2vFHjYnfeaBCsji6V+OEuiEeRCxgBCsteeZB5hDMUSP3EpQ5foCC/Hrardwzq1bNmgItErsgVSjQ9Mwvpx+TNKSRIhxL2bOtRLkZFooRTvOKk0qaYDLCA9rTNMIhlW42vSFHx1rpoyAWuiKFpurvjQyHUo5DX0+GWA3lvDcR//N6qQqu3IxFSapoRGYPBSlHKkaTQFCfCUoUH2uCiWD6r4gMscBE6dgqOgR7/uRF0j6t2Re187uzav2miKMMh3AEJ2DDJdThFprQAgKP8Ayv8GY8GS/Gu/ExGy0Zxc4+/IHx+QOVHpba</latexit>

Cpf = 0



Orthographic projection
• Special case of perspective projection

• Distance from center of projection to image plane is infinite
• Also called “parallel projection”

Image World

Slide by Steve Seitz



Orthographic projection
• Special case of perspective projection

• Distance from center of projection to image plane is infinite
• Also called “parallel projection”



Orthographic projection



Camera matrix for orthographic projection

• Almost never encounter orthographic projection



Approximating an orthographic camera

center at
infinity

Source: Hartley & Zisserman



Outline
• Camera calibration using vanishing points
• Measurements from a single image

• Measuring height above the ground plane
• Measuring within planes



Using a ruler



Using a ruler



Working without a ruler is harder than might seem



Working without a ruler is harder than might seem



Working without a ruler is harder than might seem

<latexit sha1_base64="tkLLDeaJFjZF+7UbRMrOEhQx61Q=">AAACAHicbZDJSgNBEIZ74hbjNurBg5fGIAhCmBG3Y9CLxwhmgWQIPZ2apEnPQneNEIa5+CpePCji1cfw5tvYWQ6a+EPDx19VVNfvJ1JodJxvq7C0vLK6VlwvbWxube/Yu3sNHaeKQ53HMlYtn2mQIoI6CpTQShSw0JfQ9Ie343rzEZQWcfSAowS8kPUjEQjO0Fhd+6ATKMYzRk+pTzHPwEBgoGuXnYozEV0EdwZlMlOta391ejFPQ4iQS6Z123US9DKmUHAJeamTakgYH7I+tA1GLATtZZMDcnpsnB4NYmVehHTi/p7IWKj1KPRNZ8hwoOdrY/O/WjvF4NrLRJSkCBGfLgpSSTGm4zRoTyjgKEcGGFfC/JXyATOJoMmsZEJw509ehMZZxb2sXNyfl6s3sziK5JAckRPikitSJXekRuqEk5w8k1fyZj1ZL9a79TFtLVizmX3yR9bnD3tGlQ8=</latexit>

a+ bt

e+ ft

<latexit sha1_base64="2TyYox69prPZKG28G7NCoWz8v3M=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNnJbDJmdnaZ6RXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR3dRvPXFtRKwecJxwP6IDJULBKFqpjr1S2a24M5Bl4uWkDDlqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9mh07IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzxM6GSFLli80VhKgnGZPo16QvNGcqxJZRpYW8lbEg1ZWizKdoQvMWXl0nzvOJdVS7rF+XqbR5HAY7hBM7Ag2uowj3UoAEMODzDK7w5j86L8+58zFtXnHzmCP7A+fwB42mNAg==</latexit>

t



Working without a ruler is harder than might seem



The Cross-ratio



The Cross-ratio



The Cross-ratio



The Cross-ratio



The Cross-ratio



Single-view measurement examples

A. Criminisi, I. Reid, and A. Zisserman, Single View Metrology, IJCV 2000
 Figure from UPenn CIS580 slides

That booth is still there! (Oxford, September 2022)

http://dhoiem.cs.illinois.edu/courses/vision_spring10/sources/criminisi00.pdf
http://cis.upenn.edu/~cis580/Spring2015/Lectures/cis580-04-singleview.pdf

