
Camera calibration

Odilon Redon, Cyclops, 1914



Overview
• Camera calibration

• Intrinsic camera parameters
• Extrinsic camera parameters
• Estimation

• First taste of 3D reconstruction: triangulation



Perspective projection in normalized coordinates

• Normalized (camera) coordinate system: camera center is at the 
origin, the principal axis is the 𝑧-axis, 𝑥 and 𝑦 axes of the image plane 
are parallel to 𝑥 and 𝑦 axes of the world



Perspective projection in normalized coordinates
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Camera calibration: Overview

• Camera calibration: figuring out transformation from world coordinate 
system to image coordinate system

world coordinate system
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Camera calibration: Overview

• Camera calibration: figuring out transformation from world coordinate 
system to image coordinate system

world coordinate system

World to 
camera coord. 

trans. matrix
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Intrinsic parameters: Principal point

• Principal point (𝒑): point where principal axis intersects the image plane 
• In the normalized coordinate system, the origin of the image is at the 

principal point, or camera center
• In the image coordinate system: the origin is in the corner



Intrinsic parameters: Principal point
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Intrinsic parameters: Principal point

calibration 
matrix 𝑲

Principal point: (𝑝𝑥, 𝑝𝑦) py
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Intrinsic parameters: Principal point

calibration 
matrix 𝑲

Canonical 
projection matrix 
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• What are the units of the focal length 𝑓 and principal point 
coordinates (𝑝!, 𝑝")?
• Same as world units – presumably metric units

• What units do we want for measuring image coordinates?
• Pixel units

• Thus, we need to introduce scaling factors for mapping from 
world to pixel units



Intrinsic parameters: Scaling factors
𝑚𝑥 pixels/m in horizontal direction, 
𝑚𝑦 pixels/m in vertical direction

Pixel size (m): #
$!
× #
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Camera sensor

Calibration matrix 
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𝑲 in pixel units



Extrinsic parameters: Rotation and translation
• In general, the camera 

coordinate frame will be 
related to the world 
coordinate frame by a 
rotation and a translation

camera 
coordinate system world coordinate 

system



Extrinsic parameters: Rotation and translation
• In general, the camera 

coordinate frame will be 
related to the world 
coordinate frame by a 
rotation and a translation

coords. of point 
in normalized 
camera frame

coords. of camera center 
in world framecoords. of a point

in world frame

• In non-homogeneous coordinates, the transformation from 
world to normalized camera coordinate system is given by:

camera 
coordinate system world coordinate 

system

*𝑿#$% = 𝑹 *𝑿− *𝑪 = 𝑹*𝑿+ 𝒕

3x3 rotation 
matrix



Extrinsic parameters: Rotation and translation

3D transformation 
matrix (4 x 4)
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In non-homogeneous 
coordinates:

In homogeneous 
coordinates:



Extrinsic parameters: Rotation and translation

𝑿#$% = 𝑹 𝒕
𝟎𝑻 1 𝑿

In non-homogeneous 
coordinates:

In homogeneous 
coordinates:

3D transformation 
matrix (4 x 4)

*𝑿#$% = 𝑹*𝑿+ 𝒕



Extrinsic parameters: Rotation and translation

In non-homogeneous 
coordinates:

In homogeneous 
coordinates:

Transformation from normalized 3D 
coordinates to pixel image coordinates: 

𝒙 ≅ 𝑲[𝑰|𝟎]𝑿#$%

𝑿#$% = 𝑹 𝒕
𝟎𝑻 1 𝑿*𝑿#$% = 𝑹*𝑿+ 𝒕



Extrinsic parameters: Rotation and translation

𝒙 ≅ 𝑲[𝑰|𝟎] 𝑹 𝒕
𝟎𝑻 1 𝑿

In homogeneous 
coordinates:

Finally:

𝒙 ≅ 𝑲[𝑹|𝒕]𝑿 𝒕 = −𝑹*𝑪



Extrinsic parameters: Rotation and translation

𝒙 ≅ 𝑲[𝑹|𝒕]𝑿 𝒕 = −𝑹*𝑪

• The focal point is the null space of the projection matrix!

𝑷𝑪 = 𝑲 𝑹	 | − 𝑹*𝑪 *𝑪
1

• What is the projection of the focal point in world coordinates? 

coords. of 
camera center 
in world frame

= 𝑲 𝑹*𝑪 −𝑹*𝑪 = 𝟎



Camera parameters: Summary
• Intrinsic parameters

• Principal point coordinates
• Focal length
• Pixel magnification factors
• Skew (non-rectangular pixels) – tends to get ignored in practice
• Radial distortion – important in practice!
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Camera extrinsics

Rotation matrix  - orthornormal, det=1

ExtrinsicsIntrinsics



Camera intrinsics

ExtrinsicsIntrinsics



Overview
• Camera calibration

• Intrinsic camera parameters
• Extrinsic camera parameters
• Estimation



Camera calibration
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Camera calibration
• Given 𝑛 points with known 3D coordinates 𝑿𝑖 and known 

image projections 𝒙𝑖, estimate the camera parameters

𝑿𝑖

𝒙𝑖

𝑷



Camera calibration
• Given 𝑛 points with known 3D coordinates 𝑿𝑖 and known 

image projections 𝒙𝑖, estimate the camera parameters

312.747 309.140 30.086
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307.694 312.358 30.418
310.149 307.186 29.298
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307.518 308.175 29.069
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312.160 310.772 29.080
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Image credit: J. Hays

Known 2D 
image coords

Known 3D 
locations



Camera calibration:  non-linear method

N reference points with known position in 3D

Predict the locations of the known points in camera using
estimated camera parameters

Compare to observed locations

Minimize least-squares error



Camera calibration: non-linear method

Two issues:
            write out equations for optimization problem

            good start point for optimization



Camera extrinsics

Rotation matrix  - orthornormal, det=1

ExtrinsicsIntrinsics



Camera intrinsics

ExtrinsicsIntrinsics



Camera calibration: non-linear, equations

The i’s are intrinsic parameters
(remember, this is upper triangular)

The e’s are extrinsic parameters
(they are constrained)



Camera calibration: non-linear

Strategy:
  chuck it into a constrained optimizer and run
         this fails – you need a good starting point

Start point: 
         neat linear construction



Camera calibration: Linear method

One match gives two linearly 
independent constraints on the 

camera matrix

x component of location of i’th point in image



Calibration: Linear method
N points gives 2N homogeneous equations

The camera matrix is 3 x 4 but scale doesn’t matter so there are
11 degrees of freedom – we can estimate it with 6 points
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Camera calibration: Linear method
• Final linear system:

• What if all the 𝑛 3D points are coplanar, i.e., there exists a set of 
line parameters 𝚷' = (𝑎, 𝑏, 𝑐, 𝑑)' such that 𝚷𝑇𝑿( = 0 for all 𝑖?
• Then we will get degenerate solutions (𝚷, 𝟎, 𝟎), (𝟎, 𝚷, 𝟎), or (𝟎, 𝟎, 𝚷)
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Camera parameters from camera matrix

Camera matrix is:



Camera parameters from camera matrix

Camera matrix is:



Parameters from camera matrix



Parameters from camera matrix



Camera calibration: nonlinear
• non-linear methods are preferred

• Can include radial distortion and constraints such as known focal length, 
orthogonality, visibility of points



Camera calibration using vanishing points
• If world coordinates of reference 3D points are not known, 

in special cases, we may be able to use vanishing points

Source: A. Efros, A. Criminisi



Camera calibration using vanishing points
• If world coordinates of reference 3D points are not known, 

in special cases, we may be able to use vanishing points

Vanishing
 point

Vanishing
 line

Vanishing
 point

Vertical vanishing
 point

Source: A. Efros, A. Criminisi



Review: Vanishing points
image plane

line in the scene
vanishing point	𝒗

• All lines having the same direction share the same vanishing 
point

camera
center



Computing vanishing points

• 𝑿∞ is a point at infinity, 𝒗 is its projection: 𝒗 ≅ 𝑷𝑿∞

𝑿% =

𝑋& + 𝑡𝐷#
𝑌& + 𝑡𝐷'
𝑍& + 𝑡𝐷(

1

≅

𝑋&/𝑡 + 𝐷#
𝑌&/𝑡 + 𝐷'
𝑍&/𝑡 + 𝐷(

1/𝑡

𝑿) =

𝐷#
𝐷'
𝐷(
0

𝒗

𝑿&

𝑿%

• Let’s parameterize the line using point 𝑿& = (𝑋&, 𝑌&, 𝑍&, 1)* and direction 
vector 𝑫 = (𝐷#, 𝐷', 𝐷()*:



Calibration from vanishing points
• Consider a scene with three orthogonal vanishing directions:

• Note: 𝒗1, 𝒗2 are finite vanishing points and 𝒗3 is an infinite 
vanishing point

. 𝒗𝟐𝒗𝟏

𝒗𝟑

.



Calibration from vanishing points
• Consider a scene with three orthogonal vanishing directions:

• We can align the world coordinate system with these directions

. 𝒗𝟐𝒗𝟏

𝒗𝟑

.



Projection of the world coordinate system

𝑷 =
	𝑝HH 𝑝HI 𝑝HJ 𝑝HK	
𝑝IH 𝑝II 𝑝IJ 𝑝IK	
𝑝JH 𝑝JI 𝑝JJ 𝑝JK	



Projection of the world coordinate system
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𝑝JH 𝑝JI 𝑝JJ 𝑝JK

1
0
0
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𝒑H 𝒑I 𝒑J 𝒑K

= 𝒑H



Projection of the world coordinate system

	𝑝HH 𝑝HI 𝑝HJ 𝑝HK	
𝑝IH 𝑝II 𝑝IJ 𝑝IK	
𝑝JH 𝑝JI 𝑝JJ 𝑝JK

0
1
0
0

𝒑H 𝒑I 𝒑J 𝒑K

= 𝒑I



Projection of the world coordinate system

	𝑝HH 𝑝HI 𝑝HJ 𝑝HK	
𝑝IH 𝑝II 𝑝IJ 𝑝IK	
𝑝JH 𝑝JI 𝑝JJ 𝑝JK

0
0
1
0

𝒑H 𝒑I 𝒑J 𝒑K

= 𝒑J

Vanishing points in 
𝑥, 𝑦, 𝑧 directions
(i.e., 𝒗1, 𝒗2, 𝒗3)



Projection of the world coordinate system

	𝑝HH 𝑝HI 𝑝HJ 𝑝HK	
𝑝IH 𝑝II 𝑝IJ 𝑝IK	
𝑝JH 𝑝JI 𝑝JJ 𝑝JK

0
0
0
1

𝒑H 𝒑I 𝒑J 𝒑K

= 𝒑K

Projection of 
world origin

• Problem: this only gives us the four columns up to independent 
scale factors, additional constraints needed to solve for them

Vanishing points in 
𝑥, 𝑦, 𝑧 directions
(i.e., 𝒗1, 𝒗2, 𝒗3)



Calibration from vanishing points
• Let us align the world coordinate system with three 

orthogonal vanishing directions in the scene:

𝒆) =
1
0
0
,      𝒆* =

0
1
0
, 	 𝒆+ =

0
0
1

𝒗( ≅ 𝑲 𝑹|𝒕 𝒆(
0



Calibration from vanishing points
• Let us align the world coordinate system with three 

orthogonal vanishing directions in the scene:

𝒆) =
1
0
0
,      𝒆* =

0
1
0
, 	 𝒆+ =

0
0
1

• Orthogonality constraint: 𝒆('𝒆, = 0

𝒗('𝑲-'𝑹𝑹'𝑲-)𝒗, = 0

𝒗( ≅ 𝑲𝑹𝒆(

𝒆( ≅ 𝑹'𝑲-)𝒗(

𝒆+
* 𝒆,



Calibration from vanishing points
• Let us align the world coordinate system with three 

orthogonal vanishing directions in the scene:

𝒆) =
1
0
0
,      𝒆* =

0
1
0
, 	 𝒆+ =

0
0
1

• Orthogonality constraint: 𝒆('𝒆, = 0

𝒗('𝑲-'𝑲-)𝒗, = 0

• Extrinsic parameter matrix (𝑹) disappears and we are left 
with constraints on the calibration matrix!

𝒆( ≅ 𝑹'𝑲-)𝒗(

𝒗( ≅ 𝑲𝑹𝒆(



Calibration from vanishing points

𝒗MN𝑲ON𝑲OH𝒗P = 0

• How many constraints do we get?
• Three: one for each pair of vanishing points

• How many unknown parameters does 𝑲 have?
• Three: 𝑓, 𝑝! , 𝑝"

• A couple of complications:
• The constraints are nonlinear, but it’s not hard to do the algebra 

(omitted)
• At least two finite vanishing points are needed to solve for both focal 

length and principal point



Calibration from vanishing points

Can solve for focal length, principal pointCannot recover focal 
length, principal point is 
the third vanishing point



Rotation from vanishing points
• Constraints on vanishing points: 𝒗( ≅ 𝑲𝑹𝒆(
• We just used orthogonality constraints to solve for 𝑲
• Now we have:

𝑲-)𝒗( ≅ 𝑹𝒆(

Notice: 𝑹𝒆) = 𝒓) 𝒓* 𝒓+
1
0
0

Thus, 𝒓( ≅ 𝑲-)𝒗(

• The scale ambiguity goes away since we require 𝒓( * = 1

= 𝒓#



Calibration from vanishing points: Summary
1. Solve for intrinsic parameters (focal length, principal point) 

using three orthogonal vanishing points
2. Get extrinsic parameters (rotation) directly from vanishing 

points once calibration matrix is known
• Advantages

• No need for calibration chart, 2D-3D correspondences
• Could be completely automatic

• Disadvantages
• Only applies to certain kinds of scenes
• It is tricky to accurately localize vanishing points
• Need at least two finite vanishing points



Multi-view geometry “Bible”


