
A gentle introduction to Fourier analysis

Many slides borrowed from S. Seitz, A. Efros, D. Hoiem, B. Freeman, A. Zisserman

Image source

https://victorianweb.org/art/illustration/tenniel/lookingglass/2.3.html


Gaussian Box filter

Mystery 1
• Why does filtering with a Gaussian give a nice smooth image, 

but filtering with a box filter gives artifacts?



Mystery 2
• Why can downsampling sometimes lead to aliasing?



Salvador Dali
“Gala Contemplating the Mediterranean Sea, 
which at 30 meters becomes the portrait 
of Abraham Lincoln”, 1976







Fourier analysis
• To understand such phenomena, we need a representation of 

images that allows us to tease apart slow and fast changes



Outline
• Fourier series
• 1D Fourier transform

• Definition and properties
• Discrete Fourier transform

• 2D Fourier transform
• Definition
• Examples and properties

• Convolution theorem
• Understanding the sampling theorem



Fourier series

Jean-Baptiste Joseph Fourier (1768-1830)
Image: Wikipedia

Example: series for a square wave
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• Any(**) periodic function on
 [0, 1]  can be expressed as a 
weighted sum of sinusoids of 
different frequencies (1807)

**=bunch of
important details
here

Periodic means f(0)=f(1)



Fourier series

Generally, we have for a (reasonable) periodic f(t)

And we need to figure out the weights for a given f(t).  

<latexit sha1_base64="2VK/8jbK3ncKH/ElsrZOABGkCKo="></latexit>

f(t) ⇠ A0 +
1X

i=1

[Ai cos (i2⇡t) +Bi sin (i2⇡t)]



Fourier series:  useful facts
<latexit sha1_base64="F6D+Wqehc/ZF8Arit9QceG/LqtE="></latexit>Z 1

0
cos (i2⇡t) dt =

Z 1

0
sin (i2⇡t) dt = 0 for i integer, i > 0

<latexit sha1_base64="4OtmO2gorYNuH4/U8/hNkSoFBEY="></latexit>Z 1

0
cos (i2⇡t) sin (j2⇡t) dt = 0 for i, j integer, i 6= j, i > 0, j > 0

<latexit sha1_base64="NhPUzDtpEantL/EWm620KwtK58U="></latexit>Z 1

0
cos (i2⇡t) cos (j2⇡t) dt = 0 for i, j integer, i 6= j, i > 0, j > 0

<latexit sha1_base64="0wukefYopY7wVSj3IcTiw/0+15M="></latexit>Z 1

0
sin (i2⇡t) sin (j2⇡t) dt = 0 for i, j integer, i 6= j, i > 0, j > 0

<latexit sha1_base64="frz9z8agt2yE8shaD2phYWgX5mw="></latexit>Z 1

0
sin2 (i2⇡t) dt = 1/2 for i integer

<latexit sha1_base64="nupfGVPzFG6RbTdxAHFi0HgCq4A="></latexit>Z 1

0
cos2 (i2⇡t) dt = 1/2 for i integer

Fact 1

Fact 2

Fact 3



Fourier series: using facts

If:
<latexit sha1_base64="2VK/8jbK3ncKH/ElsrZOABGkCKo="></latexit>

f(t) ⇠ A0 +
1X

i=1

[Ai cos (i2⇡t) +Bi sin (i2⇡t)]

<latexit sha1_base64="4B9oucSQB3coFJYh/Dq1UHu6dVY=">AAAB/XicbVDLSsNAFJ3UV62v+ti5GSxC3ZRERLsRKm5cVrAPaGOYTCbt0MkkzNwItRR/xY0LRdz6H+78G6dtFtp64MLhnHu59x4/EVyDbX9buaXlldW1/HphY3Nre6e4u9fUcaooa9BYxKrtE80El6wBHARrJ4qRyBes5Q+uJ37rgSnNY3kHw4S5EelJHnJKwEhe8aDLJXj2vYPDMpzgAC6vPNsrluyKPQVeJE5GSihD3St+dYOYphGTQAXRuuPYCbgjooBTwcaFbqpZQuiA9FjHUEkipt3R9PoxPjZKgMNYmZKAp+rviRGJtB5GvumMCPT1vDcR//M6KYRVd8RlkgKTdLYoTAWGGE+iwAFXjIIYGkKo4uZWTPtEEQomsIIJwZl/eZE0TyvOecW5PSvVqlkceXSIjlAZOegC1dANqqMGougRPaNX9GY9WS/Wu/Uxa81Z2cw++gPr8wfcD5OE</latexit>Z 1

0
f(t)dt = A0 (fact 1 makes all the cosine/sine terms go away!)

<latexit sha1_base64="15+kXmn0Ced1DoUbfwRnJVC7hHc=">AAACFHicbVDLSgNBEJyNrxhfUY9eBoOQIITdIJqLEPHiMYJ5QDYus5PZZMjs7DLTK4QlH+HFX/HiQRGvHrz5N04eB00saCiquunu8mPBNdj2t5VZWV1b38hu5ra2d3b38vsHTR0lirIGjUSk2j7RTHDJGsBBsHasGAl9wVr+8Hritx6Y0jySdzCKWTckfckDTgkYycufulyCZ987QRFKruayyHEFuzHHUOrBpRsoQtMrj4/TytjLF+yyPQVeJs6cFNAcdS//5fYimoRMAhVE645jx9BNiQJOBRvn3ESzmNAh6bOOoZKETHfT6VNjfGKUHg4iZUoCnqq/J1ISaj0KfdMZEhjoRW8i/ud1Egiq3ZTLOAEm6WxRkAgMEZ4khHtcMQpiZAihiptbMR0QkwOYHHMmBGfx5WXSrJSd87Jze1aoVedxZNEROkZF5KALVEM3qI4aiKJH9Ixe0Zv1ZL1Y79bHrDVjzWcO0R9Ynz9LwZ0Y</latexit>Z 1

0
f(t) sin(i2⇡t)dt =

Ai

2 (fact 2 makes all the other terms go away! 
And fact 3 sets the scale)

<latexit sha1_base64="sxeDgGlDPTFEBZ2d/E/B4EKVa/4=">AAACFHicbVDLSgNBEJyNrxhfUY9eBoOQIITdIJqLEPTiMYJ5QDYus5PZZMjs7DLTK4QlH+HFX/HiQRGvHrz5N04eB00saCiquunu8mPBNdj2t5VZWV1b38hu5ra2d3b38vsHTR0lirIGjUSk2j7RTHDJGsBBsHasGAl9wVr+8Hritx6Y0jySdzCKWTckfckDTgkYycufulyCZ987QRFKLo10keMKdmOOodSDSzdQhKZXHh+nlbGXL9hlewq8TJw5KaA56l7+y+1FNAmZBCqI1h3HjqGbEgWcCjbOuYlmMaFD0mcdQyUJme6m06fG+MQoPRxEypQEPFV/T6Qk1HoU+qYzJDDQi95E/M/rJBBUuymXcQJM0tmiIBEYIjxJCPe4YhTEyBBCFTe3YjogJgcwOeZMCM7iy8ukWSk752Xn9qxQq87jyKIjdIyKyEEXqIZuUB01EEWP6Bm9ojfryXqx3q2PWWvGms8coj+wPn8ARRadFA==</latexit>Z 1

0
f(t) cos(i2⇡t)dt =

Bi

2



Fourier series:  issues

• A’s and B’s are inelegant -> complex exponentials

• Did NOT show that the series converges to the function
• Read Korner’s wonderful book Fourier Analysis
• We’re OK for anything we care about

• In principle, we can go forward 
• Function -> A’s, B’s

• Or backward
• A’s, B’s -> Function

• Is this right? (mostly yes, but details…)

 



Complex exponentials

This i is the square root of -1 !!!

Advantage: 
   if the function is complex, can represent cleanly
   don’t need to remember which is A, which B

<latexit sha1_base64="5/o+RKNpgCqzY3HsIg53P+JSjdY=">AAACGXicbVDLSgMxFM34tr6qLt0Ei1A3ZUZE3QhFNy4V7AM6dcikmTZMkhmSO0IZ5jfc+CtuXCjiUlf+jeljodUD93I4516Se8JUcAOu++XMzS8sLi2vrJbW1jc2t8rbO02TZJqyBk1EotshMUxwxRrAQbB2qhmRoWCtML4c+a17pg1P1C0MU9aVpK94xCkBKwVlN6rCIfYNl7ZlMsjjc7e4y32uIhgWNIgxu8s5PsIx9lOOoQjKFbfmjoH/Em9KKmiK66D84fcSmkmmgApiTMdzU+jmRAOnghUlPzMsJTQmfdaxVBHJTDcfX1bgA6v0cJRoWwrwWP25kRNpzFCGdlISGJhZbyT+53UyiM66OVdpBkzRyUNRJjAkeBQT7nHNKIihJYRqbv+K6YBoQsGGWbIheLMn/yXNo5p3UvNujiv1i2kcK2gP7aMq8tApqqMrdI0aiKIH9IRe0Kvz6Dw7b877ZHTOme7sol9wPr8B11eflA==</latexit>

f(t) ⇠
1X

k=0

cke
i2k⇡t

<latexit sha1_base64="rs+NB2TSn88iwabUVn5a1S0C6Eo=">AAACM3icbVBNS8NAEN34bf2qevSyWARFKEkR9SKIXsRTBatCU8tmO2mXbjZhdyKU0P/kxT/iQRAPinj1P7htg2j1wcDjvRlm5gWJFAZd99mZmJyanpmdmy8sLC4trxRX165MnGoONR7LWN8EzIAUCmooUMJNooFFgYTroHs68K/vQBsRq0vsJdCIWFuJUHCGVmoWz+E2E7RCu9RPBMX+kc9jQ30JIW5/q74W7Q7u7ArqG6Fyl47bzWLJLbtD0L/Ey0mJ5Kg2i49+K+ZpBAq5ZMbUPTfBRsY0Ci6hX/BTAwnjXdaGuqWKRWAa2fDnPt2ySouGsbalkA7VnxMZi4zpRYHtjBh2zLg3EP/z6imGh41MqCRFUHy0KEwlxZgOAqQtoYGj7FnCuBb2Vso7TDOONuaCDcEbf/kvuaqUvf2yd7FXOj7J45gjG2STbBOPHJBjckaqpEY4uSdP5JW8OQ/Oi/PufIxaJ5x8Zp38gvP5BdQhqAc=</latexit>

ei2k⇡t = cos (2k⇡t) + i sin (2k⇡t)



Complex exponentials: compact facts

<latexit sha1_base64="R3nFUxj1J2gj3WPfsvM9XC/1ROE="></latexit>Z 1

0
ei2k⇡te�i2n⇡tdt =

⇢
0 k 6= n
1 k = n

k, n integers

This minus sign matters!



Fourier series with complex exponentials: using fact

If:
<latexit sha1_base64="5/o+RKNpgCqzY3HsIg53P+JSjdY=">AAACGXicbVDLSgMxFM34tr6qLt0Ei1A3ZUZE3QhFNy4V7AM6dcikmTZMkhmSO0IZ5jfc+CtuXCjiUlf+jeljodUD93I4516Se8JUcAOu++XMzS8sLi2vrJbW1jc2t8rbO02TZJqyBk1EotshMUxwxRrAQbB2qhmRoWCtML4c+a17pg1P1C0MU9aVpK94xCkBKwVlN6rCIfYNl7ZlMsjjc7e4y32uIhgWNIgxu8s5PsIx9lOOoQjKFbfmjoH/Em9KKmiK66D84fcSmkmmgApiTMdzU+jmRAOnghUlPzMsJTQmfdaxVBHJTDcfX1bgA6v0cJRoWwrwWP25kRNpzFCGdlISGJhZbyT+53UyiM66OVdpBkzRyUNRJjAkeBQT7nHNKIihJYRqbv+K6YBoQsGGWbIheLMn/yXNo5p3UvNujiv1i2kcK2gP7aMq8tApqqMrdI0aiKIH9IRe0Kvz6Dw7b877ZHTOme7sol9wPr8B11eflA==</latexit>

f(t) ⇠
1X

k=0

cke
i2k⇡t

<latexit sha1_base64="9jobFl/J0xpgH3SafF85r8gzwsk=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6sMwUUTdC0Y3LCvYBnWnJpJk2NJMZkjtCGfoBbvwVNy4UcesHuPNvTNtZaOuBwOGcc7m5x48F12Db39bS8srq2npuI7+5tb2zW9jbb+goUZTVaSQi1fKJZoJLVgcOgrVixUjoC9b0hzcTv/nAlOaRvIdRzLyQ9CUPOCVgpG6hSLvDK5dL6NodBwclOGGd9JTjCh5iN+YYxj0wKbtsT4EXiZORIspQ6xa+3F5Ek5BJoIJo3XbsGLyUKOBUsHHeTTSLCR2SPmsbKknItJdOjxnjY6P0cBAp8yTgqfp7IiWh1qPQN8mQwEDPexPxP6+dQHDppVzGCTBJZ4uCRGCI8KQZ3OOKURAjQwhV3PwV0wFRhILpL29KcOZPXiSNStk5Lzt3Z8XqdVZHDh2iI1RCDrpAVXSLaqiOKHpEz+gVvVlP1ov1bn3MoktWNnOA/sD6/AGlpJl4</latexit>

ck =

Z 1

0
f(t)e�i2k⇡tdt Using the fact! (this is analogous

to an orthonormal basis in linear
algebra)



Fourier series with complex exponentials:  issues

• But this is just for a periodic function on [0, 1]
• Easy to extend to other intervals
• Easy to extend to the circle

• But what about functions on [-infinity, infinity]?
• These could wiggle often in numerous places
• IDEA: use “more” basis elements

• The Fourier transform

 


