
A gentle introduction to Fourier analysis

Many slides borrowed from S. Seitz, A. Efros, D. Hoiem, B. Freeman, A. Zisserman

Image source

https://victorianweb.org/art/illustration/tenniel/lookingglass/2.3.html


Mystery 1
• Why can downsampling sometimes lead to aliasing?



Gaussian Box filter

Mystery 2
• Why does filtering with a Gaussian give a nice smooth image, 

but filtering with a box filter gives artifacts?



Mystery 3

“Low frequencies”

“High frequencies”

A. Oliva, A. Torralba, P.G. Schyns, Hybrid Images, SIGGRAPH 2006

• How do hybrid images work?

http://cvcl.mit.edu/hybrid/OlivaTorralb_Hybrid_Siggraph06.pdf


Salvador Dali
“Gala Contemplating the Mediterranean Sea, 
which at 30 meters becomes the portrait 
of Abraham Lincoln”, 1976







Fourier analysis
• To understand such phenomena, we need a representation of 

images that allows us to tease apart slow and fast changes



Outline
• Fourier series
• 1D Fourier transform

• Definition and properties
• Discrete Fourier transform

• 2D Fourier transform
• Definition
• Examples and properties

• Convolution theorem
• Understanding the sampling theorem



Fourier series

Jean-Baptiste Joseph Fourier (1768-1830)
Image: Wikipedia

Example: series for a square wave

!
!"#,%,&,…

(
1
𝑘
sin(𝑘𝑡)

• Any(**) periodic function on
 [0, 1]  can be expressed as a 
weighted sum of sinusoids of 
different frequencies (1807)

**=bunch of
important details
here

Periodic means f(0)=f(1)



Fourier series

Generally, we have for a (reasonable) periodic f(t)

And we need to figure out the weights for a given f(t).  

<latexit sha1_base64="2VK/8jbK3ncKH/ElsrZOABGkCKo="></latexit>

f(t) ⇠ A0 +
1X

i=1

[Ai cos (i2⇡t) +Bi sin (i2⇡t)]



Fourier series:  useful facts
<latexit sha1_base64="F6D+Wqehc/ZF8Arit9QceG/LqtE="></latexit>Z 1

0
cos (i2⇡t) dt =

Z 1

0
sin (i2⇡t) dt = 0 for i integer, i > 0

<latexit sha1_base64="4OtmO2gorYNuH4/U8/hNkSoFBEY="></latexit>Z 1

0
cos (i2⇡t) sin (j2⇡t) dt = 0 for i, j integer, i 6= j, i > 0, j > 0

<latexit sha1_base64="NhPUzDtpEantL/EWm620KwtK58U="></latexit>Z 1

0
cos (i2⇡t) cos (j2⇡t) dt = 0 for i, j integer, i 6= j, i > 0, j > 0

<latexit sha1_base64="0wukefYopY7wVSj3IcTiw/0+15M="></latexit>Z 1

0
sin (i2⇡t) sin (j2⇡t) dt = 0 for i, j integer, i 6= j, i > 0, j > 0

<latexit sha1_base64="frz9z8agt2yE8shaD2phYWgX5mw="></latexit>Z 1

0
sin2 (i2⇡t) dt = 1/2 for i integer

<latexit sha1_base64="nupfGVPzFG6RbTdxAHFi0HgCq4A="></latexit>Z 1

0
cos2 (i2⇡t) dt = 1/2 for i integer

Fact 1

Fact 2

Fact 3



Fourier series: using facts

If:
<latexit sha1_base64="2VK/8jbK3ncKH/ElsrZOABGkCKo="></latexit>

f(t) ⇠ A0 +
1X

i=1

[Ai cos (i2⇡t) +Bi sin (i2⇡t)]

<latexit sha1_base64="4B9oucSQB3coFJYh/Dq1UHu6dVY=">AAAB/XicbVDLSsNAFJ3UV62v+ti5GSxC3ZRERLsRKm5cVrAPaGOYTCbt0MkkzNwItRR/xY0LRdz6H+78G6dtFtp64MLhnHu59x4/EVyDbX9buaXlldW1/HphY3Nre6e4u9fUcaooa9BYxKrtE80El6wBHARrJ4qRyBes5Q+uJ37rgSnNY3kHw4S5EelJHnJKwEhe8aDLJXj2vYPDMpzgAC6vPNsrluyKPQVeJE5GSihD3St+dYOYphGTQAXRuuPYCbgjooBTwcaFbqpZQuiA9FjHUEkipt3R9PoxPjZKgMNYmZKAp+rviRGJtB5GvumMCPT1vDcR//M6KYRVd8RlkgKTdLYoTAWGGE+iwAFXjIIYGkKo4uZWTPtEEQomsIIJwZl/eZE0TyvOecW5PSvVqlkceXSIjlAZOegC1dANqqMGougRPaNX9GY9WS/Wu/Uxa81Z2cw++gPr8wfcD5OE</latexit>Z 1

0
f(t)dt = A0 (fact 1 makes all the cosine/sine terms go away!)

<latexit sha1_base64="15+kXmn0Ced1DoUbfwRnJVC7hHc=">AAACFHicbVDLSgNBEJyNrxhfUY9eBoOQIITdIJqLEPHiMYJ5QDYus5PZZMjs7DLTK4QlH+HFX/HiQRGvHrz5N04eB00saCiquunu8mPBNdj2t5VZWV1b38hu5ra2d3b38vsHTR0lirIGjUSk2j7RTHDJGsBBsHasGAl9wVr+8Hritx6Y0jySdzCKWTckfckDTgkYycufulyCZ987QRFKruayyHEFuzHHUOrBpRsoQtMrj4/TytjLF+yyPQVeJs6cFNAcdS//5fYimoRMAhVE645jx9BNiQJOBRvn3ESzmNAh6bOOoZKETHfT6VNjfGKUHg4iZUoCnqq/J1ISaj0KfdMZEhjoRW8i/ud1Egiq3ZTLOAEm6WxRkAgMEZ4khHtcMQpiZAihiptbMR0QkwOYHHMmBGfx5WXSrJSd87Jze1aoVedxZNEROkZF5KALVEM3qI4aiKJH9Ixe0Zv1ZL1Y79bHrDVjzWcO0R9Ynz9LwZ0Y</latexit>Z 1

0
f(t) sin(i2⇡t)dt =

Ai

2 (fact 2 makes all the other terms go away! 
And fact 3 sets the scale)

<latexit sha1_base64="sxeDgGlDPTFEBZ2d/E/B4EKVa/4=">AAACFHicbVDLSgNBEJyNrxhfUY9eBoOQIITdIJqLEPTiMYJ5QDYus5PZZMjs7DLTK4QlH+HFX/HiQRGvHrz5N04eB00saCiquunu8mPBNdj2t5VZWV1b38hu5ra2d3b38vsHTR0lirIGjUSk2j7RTHDJGsBBsHasGAl9wVr+8Hritx6Y0jySdzCKWTckfckDTgkYycufulyCZ987QRFKLo10keMKdmOOodSDSzdQhKZXHh+nlbGXL9hlewq8TJw5KaA56l7+y+1FNAmZBCqI1h3HjqGbEgWcCjbOuYlmMaFD0mcdQyUJme6m06fG+MQoPRxEypQEPFV/T6Qk1HoU+qYzJDDQi95E/M/rJBBUuymXcQJM0tmiIBEYIjxJCPe4YhTEyBBCFTe3YjogJgcwOeZMCM7iy8ukWSk752Xn9qxQq87jyKIjdIyKyEEXqIZuUB01EEWP6Bm9ojfryXqx3q2PWWvGms8coj+wPn8ARRadFA==</latexit>Z 1

0
f(t) cos(i2⇡t)dt =

Bi

2



Fourier series:  issues

• A’s and B’s are inelegant -> complex exponentials

• Did NOT show that the series converges to the function
• Read Korner’s wonderful book Fourier Analysis
• We’re OK for anything we care about

• In principle, we can go forward 
• Function -> A’s, B’s

• Or backward
• A’s, B’s -> Function

• Is this right? (mostly yes, but details…)

 



Complex exponentials

This i is the square root of -1 !!!

Advantage: 
   if the function is complex, can represent cleanly
   don’t need to remember which is A, which B

<latexit sha1_base64="5/o+RKNpgCqzY3HsIg53P+JSjdY=">AAACGXicbVDLSgMxFM34tr6qLt0Ei1A3ZUZE3QhFNy4V7AM6dcikmTZMkhmSO0IZ5jfc+CtuXCjiUlf+jeljodUD93I4516Se8JUcAOu++XMzS8sLi2vrJbW1jc2t8rbO02TZJqyBk1EotshMUxwxRrAQbB2qhmRoWCtML4c+a17pg1P1C0MU9aVpK94xCkBKwVlN6rCIfYNl7ZlMsjjc7e4y32uIhgWNIgxu8s5PsIx9lOOoQjKFbfmjoH/Em9KKmiK66D84fcSmkmmgApiTMdzU+jmRAOnghUlPzMsJTQmfdaxVBHJTDcfX1bgA6v0cJRoWwrwWP25kRNpzFCGdlISGJhZbyT+53UyiM66OVdpBkzRyUNRJjAkeBQT7nHNKIihJYRqbv+K6YBoQsGGWbIheLMn/yXNo5p3UvNujiv1i2kcK2gP7aMq8tApqqMrdI0aiKIH9IRe0Kvz6Dw7b877ZHTOme7sol9wPr8B11eflA==</latexit>

f(t) ⇠
1X

k=0

cke
i2k⇡t

<latexit sha1_base64="rs+NB2TSn88iwabUVn5a1S0C6Eo=">AAACM3icbVBNS8NAEN34bf2qevSyWARFKEkR9SKIXsRTBatCU8tmO2mXbjZhdyKU0P/kxT/iQRAPinj1P7htg2j1wcDjvRlm5gWJFAZd99mZmJyanpmdmy8sLC4trxRX165MnGoONR7LWN8EzIAUCmooUMJNooFFgYTroHs68K/vQBsRq0vsJdCIWFuJUHCGVmoWz+E2E7RCu9RPBMX+kc9jQ30JIW5/q74W7Q7u7ArqG6Fyl47bzWLJLbtD0L/Ey0mJ5Kg2i49+K+ZpBAq5ZMbUPTfBRsY0Ci6hX/BTAwnjXdaGuqWKRWAa2fDnPt2ySouGsbalkA7VnxMZi4zpRYHtjBh2zLg3EP/z6imGh41MqCRFUHy0KEwlxZgOAqQtoYGj7FnCuBb2Vso7TDOONuaCDcEbf/kvuaqUvf2yd7FXOj7J45gjG2STbBOPHJBjckaqpEY4uSdP5JW8OQ/Oi/PufIxaJ5x8Zp38gvP5BdQhqAc=</latexit>

ei2k⇡t = cos (2k⇡t) + i sin (2k⇡t)



Complex exponentials: compact facts

<latexit sha1_base64="R3nFUxj1J2gj3WPfsvM9XC/1ROE="></latexit>Z 1

0
ei2k⇡te�i2n⇡tdt =

⇢
0 k 6= n
1 k = n

k, n integers

This minus sign matters!



Fourier series with complex exponentials: using fact

If:
<latexit sha1_base64="5/o+RKNpgCqzY3HsIg53P+JSjdY=">AAACGXicbVDLSgMxFM34tr6qLt0Ei1A3ZUZE3QhFNy4V7AM6dcikmTZMkhmSO0IZ5jfc+CtuXCjiUlf+jeljodUD93I4516Se8JUcAOu++XMzS8sLi2vrJbW1jc2t8rbO02TZJqyBk1EotshMUxwxRrAQbB2qhmRoWCtML4c+a17pg1P1C0MU9aVpK94xCkBKwVlN6rCIfYNl7ZlMsjjc7e4y32uIhgWNIgxu8s5PsIx9lOOoQjKFbfmjoH/Em9KKmiK66D84fcSmkmmgApiTMdzU+jmRAOnghUlPzMsJTQmfdaxVBHJTDcfX1bgA6v0cJRoWwrwWP25kRNpzFCGdlISGJhZbyT+53UyiM66OVdpBkzRyUNRJjAkeBQT7nHNKIihJYRqbv+K6YBoQsGGWbIheLMn/yXNo5p3UvNujiv1i2kcK2gP7aMq8tApqqMrdI0aiKIH9IRe0Kvz6Dw7b877ZHTOme7sol9wPr8B11eflA==</latexit>

f(t) ⇠
1X

k=0

cke
i2k⇡t

<latexit sha1_base64="9jobFl/J0xpgH3SafF85r8gzwsk=">AAACDHicbVDLSgMxFM34rPVVdekmWIS6sMwUUTdC0Y3LCvYBnWnJpJk2NJMZkjtCGfoBbvwVNy4UcesHuPNvTNtZaOuBwOGcc7m5x48F12Db39bS8srq2npuI7+5tb2zW9jbb+goUZTVaSQi1fKJZoJLVgcOgrVixUjoC9b0hzcTv/nAlOaRvIdRzLyQ9CUPOCVgpG6hSLvDK5dL6NodBwclOGGd9JTjCh5iN+YYxj0wKbtsT4EXiZORIspQ6xa+3F5Ek5BJoIJo3XbsGLyUKOBUsHHeTTSLCR2SPmsbKknItJdOjxnjY6P0cBAp8yTgqfp7IiWh1qPQN8mQwEDPexPxP6+dQHDppVzGCTBJZ4uCRGCI8KQZ3OOKURAjQwhV3PwV0wFRhILpL29KcOZPXiSNStk5Lzt3Z8XqdVZHDh2iI1RCDrpAVXSLaqiOKHpEz+gVvVlP1ov1bn3MoktWNnOA/sD6/AGlpJl4</latexit>

ck =

Z 1

0
f(t)e�i2k⇡tdt Using the fact! (this is analogous

to an orthonormal basis in linear
algebra)



Fourier series with complex exponentials:  issues

• But this is just for a periodic function on [0, 1]
• Easy to extend to other intervals
• Easy to extend to the circle

• But what about functions on [-infinity, infinity]?
• These could wiggle often in numerous places
• IDEA: use “more” basis elements

• The Fourier transform

 



1D Fourier transform
• Let’s define an (overcomplete) set of basis functions:

𝜓! 𝑡 = 𝑒"#$!%, 𝑢 ∈ (−∞,∞)

• Compare

<latexit sha1_base64="rs+NB2TSn88iwabUVn5a1S0C6Eo=">AAACM3icbVBNS8NAEN34bf2qevSyWARFKEkR9SKIXsRTBatCU8tmO2mXbjZhdyKU0P/kxT/iQRAPinj1P7htg2j1wcDjvRlm5gWJFAZd99mZmJyanpmdmy8sLC4trxRX165MnGoONR7LWN8EzIAUCmooUMJNooFFgYTroHs68K/vQBsRq0vsJdCIWFuJUHCGVmoWz+E2E7RCu9RPBMX+kc9jQ30JIW5/q74W7Q7u7ArqG6Fyl47bzWLJLbtD0L/Ey0mJ5Kg2i49+K+ZpBAq5ZMbUPTfBRsY0Ci6hX/BTAwnjXdaGuqWKRWAa2fDnPt2ySouGsbalkA7VnxMZi4zpRYHtjBh2zLg3EP/z6imGh41MqCRFUHy0KEwlxZgOAqQtoYGj7FnCuBb2Vso7TDOONuaCDcEbf/kvuaqUvf2yd7FXOj7J45gjG2STbBOPHJBjckaqpEY4uSdP5JW8OQ/Oi/PufIxaJ5x8Zp38gvP5BdQhqAc=</latexit>

ei2k⇡t = cos (2k⇡t) + i sin (2k⇡t)

Integer



1D Fourier transform
• Let’s define a (continuously parameterized) set of basis 

functions:

𝜓! 𝑡 = 𝑒"#$!%, 𝑢 ∈ (−∞,∞)

• Inner product for complex functions is given by:

𝑓, 𝑔 = .
&'

'
𝑓 𝑡 𝑔∗ 𝑡 𝑑𝑡	

Complex conjugate: 
real part stays the same, 
imaginary part is flipped



1D Fourier transform
• Let’s define a (continuously parameterized) set of basis 

functions:

𝜓! 𝑡 = 𝑒"#$!%, 𝑢 ∈ (−∞,∞)

• Inner product for complex functions is given by:

𝑓, 𝑔 = .
&'

'
𝑓 𝑡 𝑔∗ 𝑡 𝑑𝑡	

• Orthonormality:

𝜓!), 𝜓!* = 11	 if	 𝑢) = 𝑢#
0	 otherwise



1D Fourier transform
• Given a signal 𝑓(𝑡), we want to represent it as a weighted 

combination of the basis functions 𝜓! 𝑡 = 𝑒"#$!% with 
weights 𝐹(𝑢): 

𝑓 𝑡 = .
&'

'
𝐹(𝑢)𝑒"#$!%𝑑𝑢

• Each weight 𝐹 𝑢  is given by the inner product of 𝑓 and 𝜓!:

𝐹 𝑢 = 𝑓,𝜓! = .
&'

'
𝑓(𝑡)𝑒&"#$!%𝑑𝑡



1D Fourier transform

• Forward transform:

𝐹 𝑢 = .
&'

'
𝑓(𝑡)𝑒&"#$!%𝑑𝑡

• Note: for the FT to exist, the energy ∫&'
' |𝑓(𝑡)|#	𝑑𝑡 has to be 

finite

𝑓(𝑡) 𝐹(𝑢)
ℱ



1D Fourier transform

• Forward transform:

𝐹 𝑢 = .
&'

'
𝑓(𝑡)𝑒&"#$!%𝑑𝑡

• For each 𝑢, 𝐹(𝑢) is a complex number that encodes both the 
amplitude 𝐴 and phase 𝜙 of the sinusoid 𝐴 sin(2𝜋𝑢𝑡 +𝜙) in 
the decomposition of 𝑓(𝑡):

𝐹 𝑢 = Re 𝐹(𝑢) + 𝑖	Im 𝐹(𝑢) ,
	

𝐴 = Re(𝐹(𝑢))# + Im(𝐹(𝑢))#, 𝜙 = tan&)
Im(𝐹(𝑢))
Re(𝐹(𝑢))

• If 𝑓(𝑡) is real, then Re 𝐹(𝑢) = Re 𝐹(−𝑢) , 
Im 𝐹(𝑢) = −Im 𝐹(−𝑢)

𝑓(𝑡) 𝐹(𝑢)
ℱ



1D Fourier transform

• Forward transform:

𝐹 𝑢 = .
&'

'
𝑓(𝑡)𝑒&"#$!%𝑑𝑡

• Important properties:
• Energy preservation: 

.
&'

'
|𝑓(𝑡)|#	𝑑𝑡 = .

&'

'
|𝐹(𝑢)|#	𝑑𝑢

• Linearity: ℱ{𝑎𝑓# + 𝑏𝑓+} = 𝑎ℱ{𝑓#} + 𝑏ℱ{𝑓+}

𝑓(𝑡) 𝐹(𝑢)
ℱ

Parseval’s 
Theorem!



1D Fourier transform

• Forward transform:

𝐹 𝑢 = .
&'

'
𝑓(𝑡)𝑒&"#$!%𝑑𝑡

• Inverse transform:

𝑓 𝑡 = .
&'

'
𝐹(𝑢)𝑒"#$!%𝑑𝑢

• Duality: if 𝑓 𝑡 →
ℱ
𝐹(𝑢), then 𝐹 𝑡 →

ℱ
𝑓(−𝑢)

• Thus, we can talk about Fourier transform pairs 𝑓 𝑡 ↔ 𝐹(𝑢)

𝑓(𝑡) 𝐹(𝑢)
ℱ

𝐹(𝑢) 𝑓(𝑡)
ℱ,#



Important Fourier transform pairs

box(𝑡) sinc 𝑢 =
sin 𝜋𝑢
𝜋𝑢

0.5−0.5



Important Fourier transform pairs

box(𝑡) sinc 𝑢 =
sin 𝜋𝑢
𝜋𝑢

gauss 𝑡; 𝜎 gauss 𝑢;
1
𝜎

0.5−0.5



Important Fourier transform pairs

box(𝑡) sinc 𝑢 =
sin 𝜋𝑢
𝜋𝑢

gauss 𝑡; 𝜎 gauss 𝑢;
1
𝜎

0.5−0.5

𝑓 𝑡 = 1 unit	impulse	𝛿 𝑢

*The last one is formal since these functions don’t meet the mathematical requirements for FT



Important Fourier transform pairs

box(𝑡) sinc 𝑢 =
sin 𝜋𝑢
𝜋𝑢

gauss 𝑡; 𝜎 gauss 𝑢;
1
𝜎

0.5−0.5

𝑓 𝑡 = 1 unit	impulse	𝛿 𝑢

*The last one is formal since these functions don’t meet the mathematical requirements for FT

Notice that when 
f has narrower support,
FT(f) has broader, and
Vice versa!



Outline
• 1D Fourier transform

• Definition and properties
• Discrete Fourier transform



Discrete Fourier transform (DFT)
• Now suppose our signal consists of 𝑁 samples 𝑓 𝑛 ,	

𝑛 = 0,… ,𝑁 − 1
• We can also discretize frequencies to 𝑘/𝑁, 𝑘 = 0,… ,𝑁 − 1 

(𝑘 cycles per 𝑁 samples)

Image source

𝑓(𝑛) |𝐹 𝑘 |

𝑛 𝑘

https://www.sciencedirect.com/topics/engineering/discrete-fourier-series


Discrete Fourier transform (DFT)
• Now suppose our signal consists of 𝑁 samples 𝑓 𝑛 ,	

𝑛 = 0,… ,𝑁 − 1
• We can also discretize frequencies to 𝑘/𝑁, 𝑘 = 0,… ,𝑁 − 1 

(𝑘 cycles per 𝑁 samples)
• DFT formula: 

𝐹(𝑘) = Q
+,-

.&)

𝑓 𝑛 exp −𝑖
2𝜋𝑘
𝑁 𝑛

• We can pack the values exp −𝑖 #$/
.
𝑛 , 𝑘, 𝑛 = 0,… ,𝑁 − 1 into an 

𝑁×𝑁 matrix 𝑈, and DFT becomes just a matrix-vector 
multiplication!

• Fast Fourier transform: only 𝑁	log𝑁	complexity!
Image source

https://en.wikipedia.org/wiki/Fast_Fourier_transform
https://www.sciencedirect.com/topics/engineering/discrete-fourier-series


DFT: Just a change of basis!

𝑈	𝑓	 = 	𝐹

=

𝑈 𝑓 𝐹 Source

http://6.869.csail.mit.edu/fa17/lecture/lecture2linearfilters.pdf


Inverse DFT
• Forward DFT: 

• Inverse DFT:

where 𝑈&) is the transpose of the complex conjugate of 𝑈

or 𝐹 = 𝑈𝑓

or 𝑓	 = )
.
𝑈&)𝐹

𝐹(𝑘) = Q
+,-

.&)

𝑓 𝑛 exp −𝑖
2𝜋
𝑁 𝑘𝑛

𝑓(𝑛) =
1
𝑁Q
+,-

.&)

𝐹 𝑘 exp 𝑖
2𝜋
𝑁 𝑘𝑛



Periodicity of DFT and inverse DFT
• The result of DFT is periodic: because 𝐹(𝑘)	is obtained as a 

sum of complex exponentials with a common period of 𝑁 
samples, 𝐹(𝑘	 + 	𝑎𝑁) 	= 𝐹(𝑘)	for any integer 𝑎:

𝐹 𝑘 + 𝑎𝑁 = Q
+,-

.&)

𝑓 𝑛 exp −𝑖
2𝜋
𝑁 𝑛 𝑘 + 𝑎𝑁

= Q
+,-

.&)

𝑓 𝑛 exp −𝑖
2𝜋𝑛
𝑁

𝑘 exp −𝑖2𝜋𝑎𝑛 = 𝐹(𝑘)

• Likewise, the result of the inverse DFT is a periodic signal: 
𝑓(𝑡	 + 	𝑎𝑁) 	= 	𝑓(𝑡)	for any integer 𝑎



Outline
• 1D Fourier transform

• Definition and properties
• Discrete Fourier transform

• 2D Fourier transform



2D Fourier transform
• To represent 2D signals 𝑓(𝑥, 𝑦), we need to extend our 

1D basis functions 𝜓! 𝑡 = 𝑒"#$!% to two variables:

𝜓!,1 𝑥, 𝑦 = 𝑒"#$!2𝑒"#$13 = 𝑒"#$(!2513)
= cos2𝜋 𝑢𝑥 + 𝑣𝑦 + 𝑖	sin	2𝜋(𝑢𝑥 + 𝑣𝑦)

• What does this look like?



2D Fourier transform
• 2D basis functions are oriented sinusoidal “gratings”:

• (𝑢, 𝑣) is the direction 
normal to the grating

• The period is  
1/ 𝑢# + 𝑣# 

𝑢

𝑣



Basis function examples

(𝑢, 𝑣)
Real 

component



Basis function examples

(𝑢, 𝑣)
Real 

component



Basis function examples

(𝑢, 𝑣)
Real 

component



Linear combination of basis functions

(𝑢, 𝑣)
Real 

component



2D Fourier transform

𝐹 𝑢, 𝑣 = .
&'

'
.
&'

'
𝑓 𝑥, 𝑦 𝑒&"#$ !2513 𝑑𝑥	𝑑𝑦

• Output is 2D and complex-valued:
𝐹 𝑢, 𝑣 = Re 𝐹(𝑢, 𝑣) + 𝑖	Im(𝐹(𝑢, 𝑣))

• Magnitude spectrum: 𝐹 𝑢, 𝑣 = Re 𝐹(𝑢, 𝑣) + + Im 𝐹(𝑢, 𝑣) +

• Phase angle spectrum: tan,# -.(0(1,2))
45(0(1,2))

• Symmetry: the Fourier transform of a real-valued image has 
coefficients that come in pairs, with 𝐹(𝑢, 𝑣) being the complex 
conjugate of 𝐹(−𝑢,−𝑣)
• This means that the magnitude spectrum is symmetric about the 

origin



2D discrete Fourier transform

𝐹 𝑢, 𝑣 = Q
+,-

.&)

Q
7,-

8&)

𝑓 𝑛,𝑚 exp −𝑖2𝜋
𝑢𝑛
𝑁 +

𝑣𝑚
𝑀

Source: B. Freeman

tan!" Im(𝐹(𝑢, 𝑣))/Re(𝐹(𝑢, 𝑣))|𝐹 𝑢, 𝑣 |

Re(𝐹 𝑢, 𝑣 ) Im(𝐹 𝑢, 𝑣 )

http://6.869.csail.mit.edu/fa17/lecture/lecture2linearfilters.pdf


Real image examples



Real image examples



Which image goes with which spectrum?



Phase vs. magnitude
• Which has more information, the phase or the magnitude?
• Let’s take the phase from one image and combine it with the 

magnitude from another image



Magnitude

Phase



Phase

Magnitude



Images with periodic patterns
• The magnitude image has peaks corresponding to the 

frequencies of repetition
Image Magnitude image

Source: A. Zisserman

https://www.robots.ox.ac.uk/~az/lectures/ia/lect2.pdf


Application: Removing periodic patterns

Magnitude 
image

Remove 
peaks

Source: A. Zisserman

https://www.robots.ox.ac.uk/~az/lectures/ia/lect2.pdf


Periodic patterns

Magnitude 
image

Remove 
peaks

Source: A. Zisserman

Lunar orbital image 
(1966)

Remove 
peaks

Join lines 
removedWhy are there multiple peaks in the 

magnitude image?

https://www.robots.ox.ac.uk/~az/lectures/ia/lect2.pdf


Application: Removing periodic patterns

Magnitude 
image

Remove 
peaks

Source: A. Zisserman

Lunar orbital image 
(1966)

Remove 
peaks

Join lines 
removed

You should think of this as a kind of local smoothing
But in the Fourier domain!

https://www.robots.ox.ac.uk/~az/lectures/ia/lect2.pdf


Image transformations
• How does the FT change when the image is scaled?

Scaled by the 
inverse factor!



In 1D 
2D is easy, follows this form



Important effect

“wider” function
has 
“narrower” 
Fourier transform

“narrower” function
has 
“wider” 
Fourier transform



Image transformations
• How does the FT change when the image is rotated?

Rotates the same 
way!



In 2D

(both fairly easy to prove)



Image transformations
• How does the FT change when the image is rotated?

Caution: in real images 
this is not always the 
case because of edge 
artifacts (recall that DFT 
treats images as 
periodically tiled)

Image source

https://www.cs.unm.edu/~brayer/vision/fourier.html


Image transformations
• How does the FT change when the image is translated?

Magnitude spectrum 
doesn’t change, 
phase gets 
modulated



Translation in 1D
ND works the same way



A model of Sampling
We want to model sampling in a way that allows us to take 

Fourier Transforms.  
Challenges: 
 Should be able to compute a meaningful integral of the 

sampled data



A trick – the delta function
Define the delta function in 1D by

This isn’t a function in any familiar sense, but it is useful and 
crops up in all sorts of places

<latexit sha1_base64="QSboqf+2oPEDOkhdSOY1No+qQkQ="></latexit>

�(x) =

⇢
0 x 6= 0

uncomfortable x = 0

<latexit sha1_base64="3UB2/lj9R0+9C9E50jJA/IZTW7A=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EitJuSiLeNUHTjsoK9QBPKZDJph04mYWYiLaELN76KGxeKuPUh3Pk2TtostPWHgY//nMOc83sxo1JZ1rdRWFldW98obpa2tnd298z9g7aMEoFJC0csEl0PScIoJy1FFSPdWBAUeox0vNFNVu88ECFpxO/VJCZuiAacBhQjpa2+WXYoVzCojmvQ8QlTKCN/fBVUrVrfrFh1aya4DHYOFZCr2Te/HD/CSUi4wgxJ2bOtWLkpEopiRqYlJ5EkRniEBqSnkaOQSDedHTGFx9rxYRAJ/fRKM/f3RIpCKSehpztDpIZysZaZ/9V6iQou3ZTyOFGE4/lHQcKgimCWCPSpIFixiQaEBdW7QjxEAmGlcyvpEOzFk5ehfVK3z+tnd6eVxnUeRxGUwRGoAhtcgAa4BU3QAhg8gmfwCt6MJ+PFeDc+5q0FI585BH9kfP4AnIOWKA==</latexit>Z
f(x)�(x)dx = f(0)



Sampling in 1D



Sampling in 1D



Delta functions in 2D



Sampling in 2D



Sampling in 2D



Outline
• 1D Fourier transform

• Definition and properties
• Discrete Fourier transform
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• Convolution theorem



Convolution theorem
• Convolution in the spatial domain translates to 
multiplication in the frequency domain (and vice versa)

• The Fourier transform of the convolution of two functions is 
the product of their Fourier transforms:

ℱ{𝑓 ∗ 𝑔} = ℱ{𝑓}	ℱ{𝑔}

• The inverse Fourier transform of the product of two Fourier 
transforms is the convolution of the two inverse Fourier 
transforms:

ℱ&){𝐹𝐺} = ℱ&){𝐹} ∗ ℱ&){𝐺}



2D convolution theorem example

*

Image Filter Filtered image

=

×

FT(Image) FT(Filter)

=

FT(Filtered image)



Easy to prove

Swap integration bounds

Move g out of integral

Shift result from before



Convolution theorem
• Suppose 𝑓 and 𝑔 both consist of 𝑁 pixels
• What is the complexity of computing 𝑓 ∗ 𝑔 in the spatial 

domain?
• 𝑂(𝑁#)

• And what is the complexity of computing ℱ&) ℱ 𝑓 ℱ 𝑔 ?
• 𝑂(𝑁 log𝑁) using FFT

• Thus, convolution of an image with a large filter can be more 
efficiently done in the frequency domain



Gaussian Box filter

Understanding the behavior of filtering
• Why does filtering with a Gaussian give a nice smooth image, 

but filtering with a box filter gives artifacts?



Recall: Fourier transform pairs

box(𝑡) sinc 𝑢 =
sin 𝜋𝑢
𝜋𝑢

gauss 𝑡; 𝜎 gauss 𝑢;
1
𝜎

0.5−0.5



Filtering with a Gaussian



Filtering with a box filter



Low-pass and high-pass filtering
Image Low-pass filtered High-pass filtered

Source: A. ZissermanDemo

https://www.robots.ox.ac.uk/~az/lectures/ia/lect2.pdf
https://www.djmannion.net/img_freq_web/


Closer look at low-pass filtering
• Do we like this low-pass 

filtering result?
• No – it causes ringing 

artifacts in the image (why?)
• Recall: it’s equivalent to 

convolving with a sinc function 
in the spatial domain

• This is why Gaussian filtering 
is preferred

Image Low-pass filtered



Hybrid images in the frequency domain

Source

http://olivalab.mit.edu/publications/Talk_Hybrid_Siggraph06.pdf


• Depending on viewing distance, peak sensitivity will occur at 
different frequencies 

Human contrast sensitivity curve



Outline
• 1D Fourier transform
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• Understanding the sampling theorem



Understanding sampling and aliasing



Recall: Nyquist-Shannon sampling theorem
• When sampling a signal at discrete intervals, the sampling 

frequency must be at least twice the maximum frequency of 
the input signal to allow us to reconstruct the original perfectly 
from the sampled version

bad

good

https://en.wikipedia.org/wiki/Nyquist-Shannon_sampling_theorem

https://en.wikipedia.org/wiki/Nyquist%E2%80%93Shannon_sampling_theorem


Understanding the sampling theorem
• Suppose we have a continuous function 𝑓(𝑡) and we want to 

sample it at discrete intervals with a spacing of 𝑇
• This can be accomplished by multiplying it by the comb 

function or impulse train:

comb 𝑡 = Q
+,&'

'

𝛿(𝑡 − 𝑛𝑇)

 
𝑓(𝑡)

×

𝑇

=

𝑓6 𝑡 = !
7",(

(

𝑓(𝑡)𝛿(𝑡 − 𝑛𝑇)
Source: A. Zisserman

https://www.robots.ox.ac.uk/~az/lectures/ia/lect2.pdf


Understanding the sampling theorem

𝑓6 𝑡 = 𝑓 𝑡 	×	comb(𝑡; 𝑇) 𝐹6 𝑢 = 𝐹 𝑢 	∗
1
𝑇
comb 𝑡;

1
𝑇

𝐹 𝑢 	

• Let’s (formally) take the Fourier transform:

Source: A. Zisserman

*Officially, the FT of the comb function 
doesn’t exist since it’s periodic, and since 
𝛿 is a weird function

https://www.robots.ox.ac.uk/~az/lectures/ia/lect2.pdf


Understanding the sampling theorem

𝑓6 𝑡 = 𝑓 𝑡 	×	comb(𝑡; 𝑇) 𝐹6 𝑢 = 𝐹 𝑢 	∗
1
𝑇
comb 𝑡;

1
𝑇

𝐹 𝑢 	

=

Replicated copies of 𝐹(𝑢)!

• Let’s (formally) take the Fourier transform:

Source: A. Zisserman

https://www.robots.ox.ac.uk/~az/lectures/ia/lect2.pdf


Understanding the sampling theorem
• How do we reconstruct 𝑓(𝑡)?
• Let’s apply a box filter in the 

frequency domain (equivalent to 
convolving with a sinc function
in the original domain)

• When will this succeed?
• When the sampling frequency 1/𝑇	exceeds 

twice the greatest frequency contained in 𝐹 𝑢 !

1/𝑇

𝐹 𝑢 	𝑓(𝑡)

Source: A. Zisserman

https://www.robots.ox.ac.uk/~az/lectures/ia/lect2.pdf


Understanding the sampling theorem
• If the sampling frequency is too small, frequencies above the 

Nyquist limit are “folded back” onto smaller frequencies, 
resulting in aliasing

Source: A. Zisserman

https://www.robots.ox.ac.uk/~az/lectures/ia/lect2.pdf


Sampling theorem in 2D
• If the Fourier transform of a continuous function 𝑓(𝑥, 𝑦) is 

zero for all frequencies beyond 𝑢9 and 𝑣9, i.e., if the Fourier 
transform is band-limited, then 𝑓(𝑥, 𝑦) can be completely 
reconstructed from its samples as long as the sampling 
distances 𝑤	and ℎ along the 𝑥 and 𝑦 directions are such that 
𝑤 ≤ )

#!8
 and ℎ ≤ )

#18
 

𝑤

ℎ

𝑤

ℎ
Source: A. Zisserman

https://www.robots.ox.ac.uk/~az/lectures/ia/lect2.pdf


Aside: Analyzing interpolation methods
• Perfect reconstruction of the subsampled signal requires 

convolution with a sinc filter in the spatial domain, which is 
bad because sinc has infinite support

• Instead, simpler reconstruction (interpolation) methods are 
typically used



• Linear reconstruction can be done by convolving the sampled 
signal with a triangle filter:

• However, the Fourier transform of the triangle filter is the 
sinc# function, so multiplying the signal’s spectrum by it 
introduces high-frequency artifacts 

Aside: Analyzing different interpolation methods

∗ =

Image source

https://web.cs.ucdavis.edu/~okreylos/PhDStudies/Winter2000/SamplingTheory.html


Bilinear interpolation closeup

Image source

https://cs184.eecs.berkeley.edu/sp19/lecture/5-50/texture-mapping


Why else should you care about Fourier analysis?

S.-Y. Wang et al. CNN-generated images are surprisingly easy to spot... for now. CVPR 2020

https://arxiv.org/pdf/1912.11035.pdf


Why else should you care about Fourier analysis?

https://distill.pub/2016/deconv-checkerboard/

Checkerboard and repetition artifacts in GAN-generated images 

https://distill.pub/2016/deconv-checkerboard/


Smoothing and downsampling



Smoothing and downsampling

Smoothed by gaussian sigma 1 pixel



Smoothing and downsampling

Smoothed by gaussian sigma 2 pixels



What smoothing filter to use?
Why does smoothing with a Gaussian help?

Is there a better filter than a Gaussian?

Can you resample without loss?


