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Linear dynamics and measurement

• State changes as:

• Measurements are:

<latexit sha1_base64="ZGOeGyR278n+U173ZCxBurgZcjA=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQxZKIqBuhqAuXFewDmlAm00k7dDIJMxNpCfkHN/6KGxeKuHXjzr9x0kbQ1gMXzpxzL3Pv8SJGpbKsL6MwN7+wuFRcLq2srq1vmJtbDRnGApM6DlkoWh6ShFFO6ooqRlqRICjwGGl6g6vMb94TIWnI79QoIm6Aepz6FCOlpY55kDieD4dph8ILmDgYMXidPX7khB7ZKTyEzpB2zLJVscaAs8TOSRnkqHXMT6cb4jggXGGGpGzbVqTcBAlFMSNpyYkliRAeoB5pa8pRQKSbjG9K4Z5WutAPhS6u4Fj9PZGgQMpR4OnOAKm+nPYy8T+vHSv/3E0oj2JFOJ585McMqhBmAcEuFQQrNtIEYUH1rhD3kUBY6RhLOgR7+uRZ0jiu2KcV+/akXL3M4yiCHbAL9oENzkAV3IAaqAMMHsATeAGvxqPxbLwZ75PWgpHPbIM/MD6+AWY4nJg=</latexit>

xi = Dixi�1 + ⇠

This is a normal random variable with zero mean and known covariance

This is a (different!) normal random variable with zero mean and known covariance

<latexit sha1_base64="VTSi78+Crv41Y9P/M+rNnJ549Ms=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQhZKIqBuh6MaNUME+oAlhMp20QycPZiZiDPkHN/6KGxeKuHXjzr9xkmahrQcunDnnXube40aMCmkY31plbn5hcam6XFtZXVvf0De3OiKMOSZtHLKQ91wkCKMBaUsqGelFnCDfZaTrji9zv3tHuKBhcCuTiNg+GgbUoxhJJTn6QWq5Hkwyh8JzmFoYMXidPwr5PnNSmsFDaD0QiRy9bjSMAnCWmCWpgxItR/+yBiGOfRJIzJAQfdOIpJ0iLilmJKtZsSARwmM0JH1FA+QTYafFTRncU8oAeiFXFUhYqL8nUuQLkfiu6vSRHIlpLxf/8/qx9M7slAZRLEmAJx95MYMyhHlAcEA5wZIliiDMqdoV4hHiCEsVY02FYE6fPEs6Rw3zpGHeHNebF2UcVbADdsE+MMEpaIIr0AJtgMEjeAav4E170l60d+1j0lrRyplt8Afa5w8ps50X</latexit>

yi = Mixi + ⇣

Square matrix of full rank

Any matrix whose dimensions are OK



Other notation
Read this as:  x_i  is normally distributed. 
The mean is a linear function of x_i-1 and

whose variance is known (and can 
depend on i). 

Read this as:  y_i  is normally distributed. 
The mean is a linear function of x_i and

whose variance is known (and can 
depend on i)

<latexit sha1_base64="J0yRYVOGwUsdkJypZqrVkqRuxq0=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIL3BTdONGqWgf0IQwmU7aoTNJmJmIIeRL3PgrblwoIrjSv3H6WGjrgQuHc+7l3nv8mFGpLOvbKMzNLywuFZdLK6tr6xvm5lZTRonApIEjFom2jyRhNCQNRRUj7VgQxH1GWv7gYui37omQNArvVBoTl6NeSAOKkdKSZx5ljh/ANPcodCTl8LqSORgxeDVURt5D7mU0P4POLe1x5GWc5vueWbaq1ghwltgTUgYT1D3z0+lGOOEkVJghKTu2FSs3Q0JRzEhechJJYoQHqEc6moaIE+lmo/dyuKeVLgwioStUcKT+nsgQlzLlvu7kSPXltDcU//M6iQpO3YyGcaJIiMeLgoRBFcFhVrBLBcGKpZogLKi+FeI+EggrnWhJh2BPvzxLmgdV+7hq3xyWa+eTOIpgB+yCCrDBCaiBS1AHDYDBI3gGr+DNeDJejHfjY9xaMCYz2+APjK8fJoOh5g==</latexit>

yi ⇠ N(Mixi;⌃mi)

<latexit sha1_base64="4CV8cNGoep6nwfDVElFPfPedKRY=">AAACIHicbVDLSsNAFJ3UV62vqks3g0WoC0siYgU3RV24kor2AU0Ik+mkHTqThJmJWEI+xY2/4saFIrrTr3HSVtDWAxcO59zLvfd4EaNSmeankZubX1hcyi8XVlbX1jeKm1tNGcYCkwYOWSjaHpKE0YA0FFWMtCNBEPcYaXmD88xv3REhaRjcqmFEHI56AfUpRkpLbrGa2J4P71OXQltSDq/KiY0RgxeZ8uMl9MBKT6F9Q3scuUmXpvtusWRWzBHgLLEmpAQmqLvFD7sb4piTQGGGpOxYZqScBAlFMSNpwY4liRAeoB7paBogTqSTjB5M4Z5WutAPha5AwZH6eyJBXMoh93QnR6ovp71M/M/rxMo/cRIaRLEiAR4v8mMGVQiztGCXCoIVG2qCsKD6Voj7SCCsdKYFHYI1/fIsaR5WrOOKdX1Uqp1N4siDHbALysACVVADl6AOGgCDB/AEXsCr8Wg8G2/G+7g1Z0xmtsEfGF/fArKiRQ==</latexit>

xi ⇠ N(Dixi�1;⌃di)



Examples

• Dynamical models
• Drifting points

• new state = old state + gaussian noise
• Points moving with constant velocity

• new position=old position + (dt) old velocity + gaussian noise
• new velocity= old velocity+gaussian noise

• Points moving with constant acceleration
• etc

• Measurement models
• state=position; measurement=position+gaussian noise
• state=position and velocity; measurement=position+gaussian noise

• but we could infer velocity
• state=position and velocity and acceleration; 

measurement=position+gaussian noise



Key point

•                                is normal.

• If                                                     is normal, then
<latexit sha1_base64="oupuwH8iEkflQ7JGVe32JwhWZts=">AAACGnicbVBLS8NAGNzUV62vqEcvi0WoUEsioh6LXjxWsA9oQ9hsNu3SzYPdjRhifocX/4oXD4p4Ey/+G7dpBG0dWJidmY/db5yIUSEN40srLSwuLa+UVytr6xubW/r2TkeEMcekjUMW8p6DBGE0IG1JJSO9iBPkO4x0nfHlxO/eEi5oGNzIJCKWj4YB9ShGUkm2brZq6cDx4F1mp/TIzO7zW5LZRh0OmBtKUYc/Uh44tPWq0TBywHliFqQKCrRs/WPghjj2SSAxQ0L0TSOSVoq4pJiRrDKIBYkQHqMh6SsaIJ8IK81Xy+CBUlzohVydQMJc/T2RIl+IxHdU0kdyJGa9ifif14+ld26lNIhiSQI8fciLGZQhnPQEXcoJlixRBGFO1V8hHiGOsFRtVlQJ5uzK86Rz3DBPG+b1SbV5UdRRBntgH9SACc5AE1yBFmgDDB7AE3gBr9qj9qy9ae/TaEkrZnbBH2if3ziJn7s=</latexit>

P (xi�1|y0, . . . ,yi�1)

<latexit sha1_base64="SuzCQA9hXOuB44kUoZCUeOqm4as=">AAACAXicbZDLSsNAFIZPvNZ6i7oR3AwWoW5KIqIui25cVrAXaEuYTCft0MmFmYkYYtz4Km5cKOLWt3Dn2zhNs9DWHwY+/nMOZ87vRpxJZVnfxsLi0vLKammtvL6xubVt7uy2ZBgLQpsk5KHouFhSzgLaVExx2okExb7LadsdX03q7TsqJAuDW5VEtO/jYcA8RrDSlmPuN6ppz/VQkjkpyx5yvs8cduyYFatm5ULzYBdQgUINx/zqDUIS+zRQhGMpu7YVqX6KhWKE06zciyWNMBnjIe1qDLBPZT/NL8jQkXYGyAuFfoFCuft7IsW+lInv6k4fq5GcrU3M/2rdWHkX/ZQFUaxoQKaLvJgjFaJJHGjABCWKJxowEUz/FZERFpgoHVpZh2DPnjwPrZOafVazb04r9csijhIcwCFUwYZzqMM1NKAJBB7hGV7hzXgyXox342PaumAUM3vwR8bnDx8slq8=</latexit>

P (yi|xi)

<latexit sha1_base64="ZS1C8Uph+cJWhYVjtvVTlznH46w=">AAACGHicbZDLSsNAFIYn9VbrLerSzWARKtSaiKjLohuXFewFmhAmk0k7dHJhZiKWmMdw46u4caGI2+58G6dpBK3+MPDxn3M4c343ZlRIw/jUSguLS8sr5dXK2vrG5pa+vdMRUcIxaeOIRbznIkEYDUlbUslIL+YEBS4jXXd0Na137wgXNApv5TgmdoAGIfUpRlJZjn7cqqWW68P7zElp9pDzOHOMOrSYF0lRh99WSo/M7NDRq0bDyAX/gllAFRRqOfrE8iKcBCSUmCEh+qYRSztFXFLMSFaxEkFihEdoQPoKQxQQYaf5YRk8UI4H/YirF0qYuz8nUhQIMQ5c1RkgORTztan5X62fSP/CTmkYJ5KEeLbITxiUEZymBD3KCZZsrABhTtVfIR4ijrBUWVZUCOb8yX+hc9IwzxrmzWm1eVnEUQZ7YB/UgAnOQRNcgxZoAwwewTN4BW/ak/aivWsfs9aSVszsgl/SJl9JXZ9J</latexit>

P (xi|y0, . . . ,yi�1)

<latexit sha1_base64="emTpbsIOcwTXkatsuHNnjH5BT+c=">AAACFnicbZDLSsNAFIYn9VbrLerSzWARKtSSiKjLohuXFewF2hAmk0k7dHJhZiKGmKdw46u4caGIW3Hn2zhNI2jrgYGP/z+HM+d3IkaFNIwvrbSwuLS8Ul6trK1vbG7p2zsdEcYckzYOWch7DhKE0YC0JZWM9CJOkO8w0nXGlxO/e0u4oGFwI5OIWD4aBtSjGEkl2fpRq5YOHA/eZXZKs/uck8w26nDA3FCKOvyRlH1o61WjYeQF58EsoAqKatn658ANceyTQGKGhOibRiStFHFJMSNZZRALEiE8RkPSVxggnwgrzc/K4IFSXOiFXL1Awlz9PZEiX4jEd1Snj+RIzHoT8T+vH0vv3EppEMWSBHi6yIsZlCGcZARdygmWLFGAMKfqrxCPEEdYqiQrKgRz9uR56Bw3zNOGeX1SbV4UcZTBHtgHNWCCM9AEV6AF2gCDB/AEXsCr9qg9a2/a+7S1pBUzu+BPaR/fT7me1w==</latexit>

P (xi|y0, . . . ,yi)

are both normal



Checking…

• Probability distribution is normal iff it has the form:

• and you can check this for each of the relevant dists.

<latexit sha1_base64="7Nca01EwC+xjXsXaqRjoF6k0aFw="></latexit>

log p(x) = �1

2

⇥
(x� µ)T⌃�1(x� µ)

⇤
+K



The Kalman Filter

• Dynamic Model

• Notation

<latexit sha1_base64="49lwGAn9eb035DStlklfNpMt6KQ=">AAACHXicbZDLSsNAFIYn9VbrLerSzWARKkhJpKjLohs3SkV7gaaEyXTSDp1JwsxELCEv4sZXceNCERduxLdxknahrQcGPv7/HM6c34sYlcqyvo3CwuLS8kpxtbS2vrG5ZW7vtGQYC0yaOGSh6HhIEkYD0lRUMdKJBEHcY6TtjS4yv31PhKRhcKfGEelxNAioTzFSWnLNWuJ4PhynLoWOpBxeVxIHIwavMiX3HjQdQeeWDjhyE+7S9NA1y1bVygvOgz2FMphWwzU/nX6IY04ChRmSsmtbkeolSCiKGUlLTixJhPAIDUhXY4A4kb0kvy6FB1rpQz8U+gUK5urviQRxKcfc050cqaGc9TLxP68bK/+sl9AgihUJ8GSRHzOoQphFBftUEKzYWAPCguq/QjxEAmGlAy3pEOzZk+ehdVy1T6r2Ta1cP5/GUQR7YB9UgA1OQR1cggZoAgwewTN4BW/Gk/FivBsfk9aCMZ3ZBX/K+PoB60yhNA==</latexit>

yi ⇠ N(Mixi,⌃mi)

<latexit sha1_base64="96DU20jkpalACIuJRYHEZh1lNH4="></latexit>

mean of P (Xi|y0, . . . , yi�1) as X̄
�
i<latexit sha1_base64="ncdzrD5hvkTAPsBFhJcBiwL+Lzs="></latexit>

mean of P (Xi|y0, . . . , yi) as X̄+
i

<latexit sha1_base64="bWytqPX7KnoqALnh4/blPuvIgD0="></latexit>

covar of P (Xi|y0, . . . , yi) as ⌃+
i

<latexit sha1_base64="ZEqNARLwbxC86An5MM1FJIQuRT0="></latexit>

covar of P (Xi|y0, . . . , yi�1) as ⌃
�
i

<latexit sha1_base64="fV0nfUyZpv2puXPd9rauxbOvP7Y=">AAACIXicbVDLSsNAFJ3UV62vqks3g0WooCUR0S6LunAlFe0DmhAmk0k7dCYJMxOxhPyKG3/FjQtFuhN/xulD0NYDFw7n3Mu993gxo1KZ5qeRW1hcWl7JrxbW1jc2t4rbO00ZJQKTBo5YJNoekoTRkDQUVYy0Y0EQ9xhpef3Lkd96IELSKLxXg5g4HHVDGlCMlJbcYjW1vQA+Zi6FtqQc3pRTGyMGr0bKj5fSYys7gvYd7XLkpr5Ls0O3WDIr5hhwnlhTUgJT1N3i0PYjnHASKsyQlB3LjJWTIqEoZiQr2IkkMcJ91CUdTUPEiXTS8YcZPNCKD4NI6AoVHKu/J1LEpRxwT3dypHpy1huJ/3mdRAVVJ6VhnCgS4smiIGFQRXAUF/SpIFixgSYIC6pvhbiHBMJKh1rQIVizL8+T5knFOqtYt6el2sU0jjzYA/ugDCxwDmrgGtRBA2DwBF7AG3g3no1X48MYTlpzxnRmF/yB8fUNtAuinw==</latexit>

xi ⇠ N(Dixi�1,⌃di)



Prediction

• We have:

<latexit sha1_base64="ZV3C/bag78lcJxIBP506wWOp/Kg=">AAACIXicbZDLSsNAFIYnXmu9RV26GSxCRS2JiHZZdONKKtoLNLFMppN26EwSZiZiCXkVN76KGxeKdCe+jNM2oLb+MPDznXM4c34vYlQqy/o05uYXFpeWcyv51bX1jU1za7suw1hgUsMhC0XTQ5IwGpCaooqRZiQI4h4jDa9/Oao3HoiQNAzu1CAiLkfdgPoUI6VR2ywnjufDx7Sd0GM7dSTl8LroeEgkzYzdJ4fpEXRuaZejH3LQNgtWyRoLzho7MwWQqdo2h04nxDEngcIMSdmyrUi5CRKKYkbSvBNLEiHcR13S0jZAnEg3GV+Ywn1NOtAPhX6BgmP6eyJBXMoB93QnR6onp2sj+F+tFSu/7CY0iGJFAjxZ5McMqhCO4oIdKghWbKANwoLqv0LcQwJhpUPN6xDs6ZNnTf2kZJ+V7JvTQuUiiyMHdsEeKAIbnIMKuAJVUAMYPIEX8AbejWfj1fgwhpPWOSOb2QF/ZHx9AwzBos8=</latexit>

xi�1 ⇠ N(X̄+
i�1,⌃

+
i�1)

<latexit sha1_base64="fV0nfUyZpv2puXPd9rauxbOvP7Y=">AAACIXicbVDLSsNAFJ3UV62vqks3g0WooCUR0S6LunAlFe0DmhAmk0k7dCYJMxOxhPyKG3/FjQtFuhN/xulD0NYDFw7n3Mu993gxo1KZ5qeRW1hcWl7JrxbW1jc2t4rbO00ZJQKTBo5YJNoekoTRkDQUVYy0Y0EQ9xhpef3Lkd96IELSKLxXg5g4HHVDGlCMlJbcYjW1vQA+Zi6FtqQc3pRTGyMGr0bKj5fSYys7gvYd7XLkpr5Ls0O3WDIr5hhwnlhTUgJT1N3i0PYjnHASKsyQlB3LjJWTIqEoZiQr2IkkMcJ91CUdTUPEiXTS8YcZPNCKD4NI6AoVHKu/J1LEpRxwT3dypHpy1huJ/3mdRAVVJ6VhnCgS4smiIGFQRXAUF/SpIFixgSYIC6pvhbiHBMJKh1rQIVizL8+T5knFOqtYt6el2sU0jjzYA/ugDCxwDmrgGtRBA2DwBF7AG3g3no1X48MYTlpzxnRmF/yB8fUNtAuinw==</latexit>

xi ⇠ N(Dixi�1,⌃di)

<latexit sha1_base64="bKqFCtrmZde+bF8CuSKm/tV2unU=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQxZKIqBuhqAuXFewDmhAm00k7dDIJMxOxhvyDG3/FjQtF3Lpx5984bQNq64ELh3Pu5d57/JhRqSzryyjMzM7NLxQXS0vLK6tr5vpGQ0aJwKSOIxaJlo8kYZSTuqKKkVYsCAp9Rpp+/2LoN2+JkDTiN2oQEzdEXU4DipHSkmfupY4fwLvMS2l2ljoYMXiZeRT+yAd2tu/cE4U8s2xVrBHgNLFzUgY5ap756XQinISEK8yQlG3bipWbIqEoZiQrOYkkMcJ91CVtTTkKiXTT0U8Z3NFKBwaR0MUVHKm/J1IUSjkIfd0ZItWTk95Q/M9rJyo4dVPK40QRjseLgoRBFcFhQLBDBcGKDTRBWFB9K8Q9JBBWOsaSDsGefHmaNA4r9nHFvj4qV8/zOIpgC2yDXWCDE1AFV6AG6gCDB/AEXsCr8Wg8G2/G+7i1YOQzm+APjI9vdLGd4w==</latexit>

xi = Dixi�1 + ⇣

This is a normal random variable with zero mean and known covariance

<latexit sha1_base64="+evUDUa5KT2neIhn7ow93tVOdXA=">AAACJXicbVDLSgMxFM3UV62vqks3wSK0C8uMiLpQKOrCZQX7gE4pmTTThiaZIclIyzA/48ZfcePCIoIrf8W0nYW2PRA4nHMuN/d4IaNK2/a3lVlZXVvfyG7mtrZ3dvfy+wd1FUQSkxoOWCCbHlKEUUFqmmpGmqEkiHuMNLzB3cRvPBOpaCCe9CgkbY56gvoUI22kTv7a5V4wjDlBIinGrufDYdKhpZvYxYjBe8PhskRMT52k1MkX7LI9BVwkTkoKIEW1kx+73QBHnAiNGVKq5dihbsdIaooZSXJupEiI8AD1SMtQgThR7Xh6ZQJPjNKFfiDNExpO1b8TMeJKjbhnkhzpvpr3JuIyrxVp/6odUxFGmgg8W+RHDOoATiqDXSoJ1mxkCMKSmr9C3EcSYW2KzZkSnPmTF0n9rOxclJ3H80LlNq0jC47AMSgCB1yCCngAVVADGLyAN/ABxtar9W59Wl+zaMZKZw7BP1g/v7cKpVw=</latexit>

mean(xi) = Dimean(xi�1)

<latexit sha1_base64="iyvsr+kpD+TTRWYI3XorXejK2Hk="></latexit>

cov(xi) = Dicov(xi�1)DT
i + cov(⇣)



Prediction

• We have:

<latexit sha1_base64="ZV3C/bag78lcJxIBP506wWOp/Kg=">AAACIXicbZDLSsNAFIYnXmu9RV26GSxCRS2JiHZZdONKKtoLNLFMppN26EwSZiZiCXkVN76KGxeKdCe+jNM2oLb+MPDznXM4c34vYlQqy/o05uYXFpeWcyv51bX1jU1za7suw1hgUsMhC0XTQ5IwGpCaooqRZiQI4h4jDa9/Oao3HoiQNAzu1CAiLkfdgPoUI6VR2ywnjufDx7Sd0GM7dSTl8LroeEgkzYzdJ4fpEXRuaZejH3LQNgtWyRoLzho7MwWQqdo2h04nxDEngcIMSdmyrUi5CRKKYkbSvBNLEiHcR13S0jZAnEg3GV+Ywn1NOtAPhX6BgmP6eyJBXMoB93QnR6onp2sj+F+tFSu/7CY0iGJFAjxZ5McMqhCO4oIdKghWbKANwoLqv0LcQwJhpUPN6xDs6ZNnTf2kZJ+V7JvTQuUiiyMHdsEeKAIbnIMKuAJVUAMYPIEX8AbejWfj1fgwhpPWOSOb2QF/ZHx9AwzBos8=</latexit>

xi�1 ⇠ N(X̄+
i�1,⌃

+
i�1)

<latexit sha1_base64="fV0nfUyZpv2puXPd9rauxbOvP7Y=">AAACIXicbVDLSsNAFJ3UV62vqks3g0WooCUR0S6LunAlFe0DmhAmk0k7dCYJMxOxhPyKG3/FjQtFuhN/xulD0NYDFw7n3Mu993gxo1KZ5qeRW1hcWl7JrxbW1jc2t4rbO00ZJQKTBo5YJNoekoTRkDQUVYy0Y0EQ9xhpef3Lkd96IELSKLxXg5g4HHVDGlCMlJbcYjW1vQA+Zi6FtqQc3pRTGyMGr0bKj5fSYys7gvYd7XLkpr5Ls0O3WDIr5hhwnlhTUgJT1N3i0PYjnHASKsyQlB3LjJWTIqEoZiQr2IkkMcJ91CUdTUPEiXTS8YcZPNCKD4NI6AoVHKu/J1LEpRxwT3dypHpy1huJ/3mdRAVVJ6VhnCgS4smiIGFQRXAUF/SpIFixgSYIC6pvhbiHBMJKh1rQIVizL8+T5knFOqtYt6el2sU0jjzYA/ugDCxwDmrgGtRBA2DwBF7AG3g3no1X48MYTlpzxnRmF/yB8fUNtAuinw==</latexit>

xi ⇠ N(Dixi�1,⌃di)

<latexit sha1_base64="bKqFCtrmZde+bF8CuSKm/tV2unU=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0UQxZKIqBuhqAuXFewDmhAm00k7dDIJMxOxhvyDG3/FjQtF3Lpx5984bQNq64ELh3Pu5d57/JhRqSzryyjMzM7NLxQXS0vLK6tr5vpGQ0aJwKSOIxaJlo8kYZSTuqKKkVYsCAp9Rpp+/2LoN2+JkDTiN2oQEzdEXU4DipHSkmfupY4fwLvMS2l2ljoYMXiZeRT+yAd2tu/cE4U8s2xVrBHgNLFzUgY5ap756XQinISEK8yQlG3bipWbIqEoZiQrOYkkMcJ91CVtTTkKiXTT0U8Z3NFKBwaR0MUVHKm/J1IUSjkIfd0ZItWTk95Q/M9rJyo4dVPK40QRjseLgoRBFcFhQLBDBcGKDTRBWFB9K8Q9JBBWOsaSDsGefHmaNA4r9nHFvj4qV8/zOIpgC2yDXWCDE1AFV6AG6gCDB/AEXsCr8Wg8G2/G+7i1YOQzm+APjI9vdLGd4w==</latexit>

xi = Dixi�1 + ⇣

This is a normal random variable with zero mean and known covariance

<latexit sha1_base64="/l/hzxiCbUJR5JTTwOPFHaWw+18=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0UQpCUpom6Eoi5cVrAPaGKYTKft0MkkzEyEEvIfbvwVNy4UcSW48G+ctFnY1gMDh3Pu4c49fsSoVJb1YxSWlldW14rrpY3Nre0dc3evJcNYYNLEIQtFx0eSMMpJU1HFSCcSBAU+I21/dJ357UciJA35vRpHxA3QgNM+xUhpyTNrTqjtLJ100oeKRy8TByMGb1KPwhkvOUm9hFbs1DPLVtWaAC4SOydlkKPhmV9OL8RxQLjCDEnZta1IuQkSimJG0pITSxIhPEID0tWUo4BIN5nclsIjrfRgPxT6cQUn6t9EggIpx4GvJwOkhnLey8T/vG6s+hduQnkUK8LxdFE/ZlCFMCsK9qggWLGxJggLqv8K8RAJhJWus6RLsOdPXiStWtU+q9p3p+X6VV5HERyAQ3AMbHAO6uAWNEATYPAEXsAbeDeejVfjw/icjhaMPLMPZmB8/wKeUKHE</latexit>

X
�
i = DiX

+
i�1

<latexit sha1_base64="1rGttM9rl+Xc/WKcVkoHatweSiA=">AAACJXicbZDLSsNAFIYn9VbrLerSzWARBGlJRNSFQlEXLiv2Bk0aJpNpO3RyYWYilJCXceOruHFhEcGVr+K0jaitPwz8fOcczpzfjRgV0jA+tNzC4tLySn61sLa+sbmlb+80RBhzTOo4ZCFvuUgQRgNSl1Qy0oo4Qb7LSNMdXI/rzQfCBQ2DmhxGxPZRL6BdipFUyNEvrHva85FDO6XLzCaeQ9OjxMKIwZvUod+Ylsy0U/rhnZqjF42yMRGcN2ZmiiBT1dFHlhfi2CeBxAwJ0TaNSNoJ4pJiRtKCFQsSITxAPdJWNkA+EXYyuTKFB4p4sBty9QIJJ/T3RIJ8IYa+qzp9JPtitjaG/9Xaseye2wkNoliSAE8XdWMGZQjHkUGPcoIlGyqDMKfqrxD3EUdYqmALKgRz9uR50zgum6dl8+6kWLnK4siDPbAPDoEJzkAF3IIqqAMMHsEzeAUj7Ul70d6092lrTstmdsEfaZ9f8iak6Q==</latexit>

⌃�
i = ⌃di +Di⌃

�
i�1D

T
i

Which yields….



<latexit sha1_base64="XoCnRpsGaasLdqAkqBxs1MMtcVg="></latexit>

X̄+
i = X̄�

i +Ki

⇥
yi �MiX̄

�
i

⇤

posterior mean is weighted combo
of prior mean and measurement

posterior mean is weighted combo
of prior mean and measurement

<latexit sha1_base64="nH75oKUOHnWSY02ILiYtto6VlqY="></latexit>

⌃+
i = [I �KiMi]⌃

�
i

posterior covar is weighted combo
of prior covar, measurement

matrix and measurement covar

posterior covar is weighted combo
of prior covar, measurement

matrix and measurement covar

<latexit sha1_base64="wyeOR04Fp8kS0KBKj95qeln8bCE="></latexit>

Ki = ⌃�
i M

T
i

⇥
Mi⌃

�
i M

T
i + ⌃mi

⇤�1



The steps:

Have:

Construct:

Now construct:

Measurement arrives: 

Mean and covariance of posterior 
after i-1’th measurement

Mean and covariance of predictive
distribution just before i’th measurement

Mean and covariance of posterior
distribution just before i’th measurement

posterior mean is weighted combo
of prior mean and measurement

posterior covar is weighted combo
of prior covar, measurement

matrix and measurement covar



The steps:

Have:
<latexit sha1_base64="LmvEAyjiTU4H+2cr09CnQ5s30nM=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARBLHMiKjLohuXFewD2nHIpJk2NJMMSUYo4yz8FTcuFHHrb7jzb8y0s9DWA4HDOfdwb04QM6q043xbpYXFpeWV8mplbX1jc8ve3mkpkUhMmlgwITsBUoRRTpqaakY6sSQoChhpB6Pr3G8/EKmo4Hd6HBMvQgNOQ4qRNpJv7/WEsfN02sn8lJ642X16nPl21ak5E8B54hakCgo0fPur1xc4iQjXmCGluq4Tay9FUlPMSFbpJYrECI/QgHQN5Sgiyksn92fw0Ch9GAppHtdwov5OpChSahwFZjJCeqhmvVz8z+smOrz0UsrjRBOOp4vChEEtYF4G7FNJsGZjQxCW1NwK8RBJhLWprGJKcGe/PE9apzX3vObenlXrV0UdZbAPDsARcMEFqIMb0ABNgMEjeAav4M16sl6sd+tjOlqyiswu+APr8wc70pY8</latexit>

X
+
i�1

<latexit sha1_base64="kpYlxxT5/SX1soPDtLx4LD5AZR8=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSIIYklE1GPRi8eK9gPaGDbbTbt0Nwm7m0IJ+SdePCji1X/izX/jts1BWx8MPN6bYWZekHCmtON8W0vLK6tr66WN8ubW9s6uvbffVHEqCW2QmMeyHWBFOYtoQzPNaTuRFIuA01YwvJ34rRGVisXRox4n1BO4H7GQEayN5Nt294H1BfYzdubmT9lp7tsVp+pMgRaJW5AKFKj79le3F5NU0EgTjpXquE6ivQxLzQinebmbKppgMsR92jE0woIqL5tenqNjo/RQGEtTkUZT9fdEhoVSYxGYToH1QM17E/E/r5Pq8NrLWJSkmkZktihMOdIxmsSAekxSovnYEEwkM7ciMsASE23CKpsQ3PmXF0nzvOpeVt37i0rtpoijBIdwBCfgwhXU4A7q0AACI3iGV3izMuvFerc+Zq1LVjFzAH9gff4A+3iTPQ==</latexit>

⌃+
i�1

Construct:
<latexit sha1_base64="/l/hzxiCbUJR5JTTwOPFHaWw+18=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0UQpCUpom6Eoi5cVrAPaGKYTKft0MkkzEyEEvIfbvwVNy4UcSW48G+ctFnY1gMDh3Pu4c49fsSoVJb1YxSWlldW14rrpY3Nre0dc3evJcNYYNLEIQtFx0eSMMpJU1HFSCcSBAU+I21/dJ357UciJA35vRpHxA3QgNM+xUhpyTNrTqjtLJ100oeKRy8TByMGb1KPwhkvOUm9hFbs1DPLVtWaAC4SOydlkKPhmV9OL8RxQLjCDEnZta1IuQkSimJG0pITSxIhPEID0tWUo4BIN5nclsIjrfRgPxT6cQUn6t9EggIpx4GvJwOkhnLey8T/vG6s+hduQnkUK8LxdFE/ZlCFMCsK9qggWLGxJggLqv8K8RAJhJWus6RLsOdPXiStWtU+q9p3p+X6VV5HERyAQ3AMbHAO6uAWNEATYPAEXsAbeDeejVfjw/icjhaMPLMPZmB8/wKeUKHE</latexit>

X
�
i = DiX

+
i�1

<latexit sha1_base64="1rGttM9rl+Xc/WKcVkoHatweSiA=">AAACJXicbZDLSsNAFIYn9VbrLerSzWARBGlJRNSFQlEXLiv2Bk0aJpNpO3RyYWYilJCXceOruHFhEcGVr+K0jaitPwz8fOcczpzfjRgV0jA+tNzC4tLySn61sLa+sbmlb+80RBhzTOo4ZCFvuUgQRgNSl1Qy0oo4Qb7LSNMdXI/rzQfCBQ2DmhxGxPZRL6BdipFUyNEvrHva85FDO6XLzCaeQ9OjxMKIwZvUod+Ylsy0U/rhnZqjF42yMRGcN2ZmiiBT1dFHlhfi2CeBxAwJ0TaNSNoJ4pJiRtKCFQsSITxAPdJWNkA+EXYyuTKFB4p4sBty9QIJJ/T3RIJ8IYa+qzp9JPtitjaG/9Xaseye2wkNoliSAE8XdWMGZQjHkUGPcoIlGyqDMKfqrxD3EUdYqmALKgRz9uR50zgum6dl8+6kWLnK4siDPbAPDoEJzkAF3IIqqAMMHsEzeAUj7Ul70d6092lrTstmdsEfaZ9f8iak6Q==</latexit>

⌃�
i = ⌃di +Di⌃

�
i�1D

T
i

Now construct:

<latexit sha1_base64="XoCnRpsGaasLdqAkqBxs1MMtcVg="></latexit>

X̄+
i = X̄�

i +Ki

⇥
yi �MiX̄

�
i

⇤ <latexit sha1_base64="nH75oKUOHnWSY02ILiYtto6VlqY="></latexit>

⌃+
i = [I �KiMi]⌃

�
i

<latexit sha1_base64="wyeOR04Fp8kS0KBKj95qeln8bCE="></latexit>

Ki = ⌃�
i M

T
i

⇥
Mi⌃

�
i M

T
i + ⌃mi

⇤�1Where:

Measurement arrives: 
<latexit sha1_base64="J0yRYVOGwUsdkJypZqrVkqRuxq0=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIL3BTdONGqWgf0IQwmU7aoTNJmJmIIeRL3PgrblwoIrjSv3H6WGjrgQuHc+7l3nv8mFGpLOvbKMzNLywuFZdLK6tr6xvm5lZTRonApIEjFom2jyRhNCQNRRUj7VgQxH1GWv7gYui37omQNArvVBoTl6NeSAOKkdKSZx5ljh/ANPcodCTl8LqSORgxeDVURt5D7mU0P4POLe1x5GWc5vueWbaq1ghwltgTUgYT1D3z0+lGOOEkVJghKTu2FSs3Q0JRzEhechJJYoQHqEc6moaIE+lmo/dyuKeVLgwioStUcKT+nsgQlzLlvu7kSPXltDcU//M6iQpO3YyGcaJIiMeLgoRBFcFhVrBLBcGKpZogLKi+FeI+EggrnWhJh2BPvzxLmgdV+7hq3xyWa+eTOIpgB+yCCrDBCaiBS1AHDYDBI3gGr+DNeDJejHfjY9xaMCYz2+APjK8fJoOh5g==</latexit>

yi ⇠ N(Mixi;⌃mi)



Very simple example

• Car is translating
• we supply a known demand to the accelerator,

• changing at each time step
• it sees 2 beacons (which are in its coordinate system)

• beacon 1 measured in car x but not y
• beacon 2 measured in car y but not x

• Q:
• recover filtered estimates of:

• position, velocity and acceleration in world coords



Dynamical model

• We supply a demand to the accelerator
• acceleration updates as noise (measured to be about the same as demand!)

• velocity by integrating acceleration

• position by integrating velocity

<latexit sha1_base64="1zTp4Uqi5MkK/lU6lS/fdq+c8oM=">AAACIHicbZDNSgMxFIUz/lv/qi7dBIsgCGVGxLoRRDcuFawttKVk0jsazCRDckcswzyKG1/FjQtFdKdPYzpW0NYDgZPv3ktyT5hIYdH3P7yJyanpmdm5+dLC4tLySnl17dLq1HCocy21aYbMghQK6ihQQjMxwOJQQiO8ORnUG7dgrNDqAvsJdGJ2pUQkOEOHuuVa1g4jyvNuJnaC/PDnJnbaPZDIKNIC3RYoDvVdprSwkHfLFb/qF6LjJhiaChnqrFt+b/c0T2NQyCWzthX4CXYyZlBwCXmpnVpIGL9hV9ByVrEYbCcrFszpliM9GmnjjkJa0N8TGYut7ceh64wZXtvR2gD+V2ulGB10MqGSFEHx74eiVFLUdJAW7QkDHGXfGcaNcH+l/JoZxtFlWnIhBKMrj5vL3WqwXw3O9ypHx8M45sgG2STbJCA1ckROyRmpE07uySN5Ji/eg/fkvXpv360T3nBmnfyR9/kFmA+jSA==</latexit>

ci+1 = ci + �tvi + noise

<latexit sha1_base64="WunmUCUjPrBfWqjFhBJ//Odc9+8=">AAACIHicbZDNSgMxFIUz/lv/qi7dBIsgCGVGxLoRRDcuFawttKVk0jsazCRDckcswzyKG1/FjQtFdKdPYzpW0NYDgZPv3ktyT5hIYdH3P7yJyanpmdm5+dLC4tLySnl17dLq1HCocy21aYbMghQK6ihQQjMxwOJQQiO8ORnUG7dgrNDqAvsJdGJ2pUQkOEOHuuVa1g4jept3M7ET5Ic/N7HT7oFERpEWiBUoDvVdprSwkHfLFb/qF6LjJhiaChnqrFt+b/c0T2NQyCWzthX4CXYyZlBwCXmpnVpIGL9hV9ByVrEYbCcrFszpliM9GmnjjkJa0N8TGYut7ceh64wZXtvR2gD+V2ulGB10MqGSFEHx74eiVFLUdJAW7QkDHGXfGcaNcH+l/JoZxtFlWnIhBKMrj5vL3WqwXw3O9ypHx8M45sgG2STbJCA1ckROyRmpE07uySN5Ji/eg/fkvXpv360T3nBmnfyR9/kFtr+jWQ==</latexit>

vi+1 = vi + �tai + noise

<latexit sha1_base64="wVYY2gLzt5HCAe68uk88IzmRCMg=">AAACDXicbVDLSgMxFM3UV62vUZduglUQCmVGRN0IRTcuK9gHdIaSSTNtaCYZkoxYhvkBN/6KGxeKuHXvzr8xbUfQ1gMXTs65l9x7gphRpR3nyyosLC4trxRXS2vrG5tb9vZOU4lEYtLAggnZDpAijHLS0FQz0o4lQVHASCsYXo391h2Rigp+q0cx8SPU5zSkGGkjde2D1AtCiLJuSitudvHzohUvCsR9ygVVJOvaZafqTADniZuTMshR79qfXk/gJCJcY4aU6rhOrP0USU0xI1nJSxSJER6iPukYylFElJ9OrsngoVF6MBTSFNdwov6eSFGk1CgKTGeE9EDNemPxP6+T6PDcTymPE004nn4UJgxqAcfRwB6VBGs2MgRhSc2uEA+QRFibAEsmBHf25HnSPK66p1X35qRcu8zjKII9sA+OgAvOQA1cgzpoAAwewBN4Aa/Wo/VsvVnv09aClc/sgj+wPr4BYEabxw==</latexit>

ai+1 = ai + noise



<latexit sha1_base64="ubQzI9lJJXsCtDh30HQaDca8MMk="></latexit>

xi =

2

4
ci
vi

ai

3

5

<latexit sha1_base64="o9RxP7pdxq6G3kjyggMT4M2LxuE="></latexit>

xi+1 =

2

4
ci+1

vi+1

ai+1

3

5 =

2

4
I �tI 0
0 I �tI
0 0 I

3

5

2

4
ci
vi

ai

3

5+ ⇠i

Stack the vectors to get:

Which gives:

Where:
<latexit sha1_base64="OLVwIkzM5h2NJYLjH33oJvJTC0Q=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURUcFN0Y0rqWgf0IQwmU7aoTNJmJmIJeQH3Pgrblwo4ta9O//GaZuFth64cDjnXu69x48Zlcqyvo3C3PzC4lJxubSyura+YW5uNWWUCEwaOGKRaPtIEkZD0lBUMdKOBUHcZ6TlDy5HfuueCEmj8E4NY+Jy1AtpQDFSWvLMPeeBehQ6knJ4XUkdP4BWdg6dW9rjyEu7h5BmB55ZtqrWGHCW2Dkpgxx1z/xyuhFOOAkVZkjKjm3Fyk2RUBQzkpWcRJIY4QHqkY6mIeJEuun4mwzua6ULg0joChUcq78nUsSlHHJfd3Kk+nLaG4n/eZ1EBWduSsM4USTEk0VBwqCK4Cga2KWCYMWGmiAsqL4V4j4SCCsdYEmHYE+/PEuaR1X7pGrfHJdrF3kcRbADdkEF2OAU1MAVqIMGwOARPINX8GY8GS/Gu/ExaS0Y+cw2+APj8wfYoZom</latexit>

⇠i ⇠ N(0;⌃d,i)



Measurement model

• The acceleration at i should be demand
• +noise

• Beacons are in car coordinate system)
• beacon 1 measured in car x but not y
• beacon 2 measured in car y but not x



<latexit sha1_base64="ssbdZaV331C4kwYxPYJRR+T2vHE=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoYxnBxEgSwt5mL1myu3fszgnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTKSw6PvfXmFldW19o7hZ2tre2d0r7x80bZwaxhsslrFphdRyKTRvoEDJW4nhVIWSP4Sjm6n/8MSNFbG+x3HCu4oOtIgEo+ikx6wTRiSc9IJeueJX/RnIMglyUoEc9V75q9OPWaq4Riapte3AT7CbUYOCST4pdVLLE8pGdMDbjmqquO1ms4Mn5MQpfRLFxpVGMlN/T2RUWTtWoetUFId20ZuK/3ntFKOrbiZ0kiLXbL4oSiXBmEy/J31hOEM5doQyI9ythA2poQxdRiUXQrD48jJpnlWDi2pwd16pXedxFOEIjuEUAriEGtxCHRrAQMEzvMKbZ7wX7937mLcWvHzmEP7A+/wBOWCQCA==</latexit>

b1

<latexit sha1_base64="qcGtSHWlzocYF6oRCoFVnSo5hjw=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktoh6LXjxWsB/SLiVJs21okl2SrFCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDOPJIIb6/vfXmFtfWNzq7hd2tnd2z8oHx61TJxqypo0FrHuEGyY4Io1LbeCdRLNsCSCtcn4dua3n5g2PFYPdpKwUOKh4hGn2DrpMeuRCJFpv9YvV/yqPwdaJUFOKpCj0S9/9QYxTSVTlgpsTDfwExtmWFtOBZuWeqlhCaZjPGRdRxWWzITZ/OApOnPKAEWxdqUsmqu/JzIsjZlI4joltiOz7M3E/7xuaqPrMOMqSS1TdLEoSgWyMZp9jwZcM2rFxBFMNXe3IjrCGlPrMiq5EILll1dJq1YNLqvB/UWlfpPHUYQTOIVzCOAK6nAHDWgCBQnP8ApvnvZevHfvY9Fa8PKZY/gD7/MHOuSQCQ==</latexit>

b2

<latexit sha1_base64="Qw0EDnn2CnS9xxY1ioloNUWZSWI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByl/udJ1Sax/LRTBP0IzqSPOSMGit1sn4QEjYbVGtu3Z2DrBKvIDUo0BxUv/rDmKURSsME1brnuYnxM6oMZwJnlX6qMaFsQkfYs1TSCLWfzc+dkTOrDEkYK1vSkLn6eyKjkdbTKLCdETVjvezl4n9eLzXhjZ9xmaQGJVssClNBTEzy38mQK2RGTC2hTHF7K2FjqigzNqGKDcFbfnmVtC/q3lXde7isNW6LOMpwAqdwDh5cQwPuoQktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzBxEZj2U=</latexit>c

In world coordinates, car is at:

In car coordinates, beacon 1 measurement is:

In car coordinates, beacon 2 measurement is:

<latexit sha1_base64="Qw0EDnn2CnS9xxY1ioloNUWZSWI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPaUDbbSbt0swm7G6GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSATXxnW/ndLa+sbmVnm7srO7t39QPTxq6zhVDFssFrHqBlSj4BJbhhuB3UQhjQKBnWByl/udJ1Sax/LRTBP0IzqSPOSMGit1sn4QEjYbVGtu3Z2DrBKvIDUo0BxUv/rDmKURSsME1brnuYnxM6oMZwJnlX6qMaFsQkfYs1TSCLWfzc+dkTOrDEkYK1vSkLn6eyKjkdbTKLCdETVjvezl4n9eLzXhjZ9xmaQGJVssClNBTEzy38mQK2RGTC2hTHF7K2FjqigzNqGKDcFbfnmVtC/q3lXde7isNW6LOMpwAqdwDh5cQwPuoQktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzBxEZj2U=</latexit>c
<latexit sha1_base64="75Xxk2LLs8tEN02DLeY62jemT74=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahLiyJiLosunFZoS9oY5hMb9qhkwczE6GELN34K25cKOLWT3Dn3zhNu9DWAwPnnnMvd+7xYs6ksqxvo7C0vLK6VlwvbWxube+Yu3stGSWCQpNGPBIdj0jgLISmYopDJxZAAo9D2xvdTPz2AwjJorChxjE4ARmEzGeUKC255mHa83wMmWvfN3AlLzxdnOaMZieuWbaqVg68SOwZKaMZ6q751etHNAkgVJQTKbu2FSsnJUIxyiEr9RIJMaEjMoCupiEJQDppfkiGj7XSx34k9AsVztXfEykJpBwHnu4MiBrKeW8i/ud1E+VfOSkL40RBSKeL/IRjFeFJKrjPBFDFx5oQKpj+K6ZDIghVOruSDsGeP3mRtM6q9kXVvjsv165ncRTRATpCFWSjS1RDt6iOmoiiR/SMXtGb8WS8GO/Gx7S1YMxm9tEfGJ8/PzaYNQ==</latexit>

eT1 (b1 � c)
<latexit sha1_base64="RWCBsWv0woGn/IXSJsJ5iXhyRxI=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoYxnBxEgSwt5mLlmyu3fs7gnhyK+wsVDE1p9j579xk1yhiQ8GHu/NMDMvTAQ31ve/vcLK6tr6RnGztLW9s7tX3j9omjjVDBssFrFuhdSg4AoblluBrUQjlaHAh3B0M/UfnlAbHqt7O06wK+lA8Ygzap30mHXCiOCkF/TKFb/qz0CWSZCTCuSo98pfnX7MUonKMkGNaQd+YrsZ1ZYzgZNSJzWYUDaiA2w7qqhE081mB0/IiVP6JIq1K2XJTP09kVFpzFiGrlNSOzSL3lT8z2unNrrqZlwlqUXF5ouiVBAbk+n3pM81MivGjlCmubuVsCHVlFmXUcmFECy+vEyaZ9XgohrcnVdq13kcRTiCYziFAC6hBrdQhwYwkPAMr/Dmae/Fe/c+5q0FL585hD/wPn8APfWQCw==</latexit>e1

<latexit sha1_base64="f6zK/HWgbcT1dAsCTQiG1DneUPg=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Ie0oWy2k3bpbhJ2N0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSNsGm4EdhKFVAYC28H4dua3n1BpHkcPZpKgL+kw4iFn1FjpMesFIcFpv9YvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzwlZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TwZcITNiYgllittbCRtRRZmxGZVsCN7yy6ukVat6l1Xv/qJSv8njKMIJnMI5eHAFdbiDBjSBgYRneIU3RzkvzrvzsWgtOPnMMfyB8/kDP3mQDA==</latexit>e2

<latexit sha1_base64="eQRpzWFEEG/PdbYT4MGPTMEGUa0=">AAACB3icbZDLSsNAFIZP6q3WW9SlIINFqAtLUkRdFt24rNAbtDFMppN26OTCzEQoITs3voobF4q49RXc+TZO0y60+sPAx3/O4cz5vZgzqSzryygsLa+srhXXSxubW9s75u5eW0aJILRFIh6Jrocl5SykLcUUp91YUBx4nHa88fW03rmnQrIobKpJTJ0AD0PmM4KVtlzzMO17PqKZW7trVnL2NJ/mRLIT1yxbVSsX+gv2HMowV8M1P/uDiCQBDRXhWMqebcXKSbFQjHCalfqJpDEmYzykPY0hDqh00vyODB1rZ4D8SOgXKpS7PydSHEg5CTzdGWA1kou1qflfrZco/9JJWRgnioZktshPOFIRmoaCBkxQovhEAyaC6b8iMsICE6WjK+kQ7MWT/0K7VrXPq/btWbl+NY+jCAdwBBWw4QLqcAMNaAGBB3iCF3g1Ho1n4814n7UWjPnMPvyS8fEN5k2YDQ==</latexit>

eT2 (b2 � c)



<latexit sha1_base64="/O8/pCl0WjDfctylReIdomwr+kU="></latexit>

yi =

2

4
di

eT1 b1 � b1
eT2 b2 � b2

3

5+ noise

<latexit sha1_base64="HyY9I/3G4Z9w5Q4abEkRuypctaI="></latexit>

yi =

2

4
0 0 I
eT1 0 0
eT2 0 0

3

5

2

4
ci
vi

ai

3

5+ noise =

2

4
0 0 I
eT1 0 0
eT2 0 0

3

5xi + ⇣i

<latexit sha1_base64="4AeJmXwHIblH82cJuf6oqLf+z0A=">AAACCHicbVDLSgMxFM3UV62vUZcuDBahgpQZERXcFN24kor2AZ1hyKRpG5pkhiQj1KFLN/6KGxeKuPUT3Pk3pu0stPXAhcM593LvPWHMqNKO823l5uYXFpfyy4WV1bX1DXtzq66iRGJSwxGLZDNEijAqSE1TzUgzlgTxkJFG2L8c+Y17IhWNxJ0exMTnqCtoh2KkjRTYu94D0Sig0FOUw+uScw69W9rlKEj5IR0eBHbRKTtjwFniZqQIMlQD+8trRzjhRGjMkFIt14m1nyKpKWZkWPASRWKE+6hLWoYKxIny0/EjQ7hvlDbsRNKU0HCs/p5IEVdqwEPTyZHuqWlvJP7ntRLdOfNTKuJEE4EnizoJgzqCo1Rgm0qCNRsYgrCk5laIe0girE12BROCO/3yLKkfld2TsntzXKxcZHHkwQ7YAyXgglNQAVegCmoAg0fwDF7Bm/VkvVjv1sekNWdlM9vgD6zPH6HJmHQ=</latexit>

⇣i ⇠ N(0;⌃m,i)

The acceleration demand

These are known constants Measurements from the beacons



The steps:

Have:
<latexit sha1_base64="LmvEAyjiTU4H+2cr09CnQ5s30nM=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARBLHMiKjLohuXFewD2nHIpJk2NJMMSUYo4yz8FTcuFHHrb7jzb8y0s9DWA4HDOfdwb04QM6q043xbpYXFpeWV8mplbX1jc8ve3mkpkUhMmlgwITsBUoRRTpqaakY6sSQoChhpB6Pr3G8/EKmo4Hd6HBMvQgNOQ4qRNpJv7/WEsfN02sn8lJ642X16nPl21ak5E8B54hakCgo0fPur1xc4iQjXmCGluq4Tay9FUlPMSFbpJYrECI/QgHQN5Sgiyksn92fw0Ch9GAppHtdwov5OpChSahwFZjJCeqhmvVz8z+smOrz0UsrjRBOOp4vChEEtYF4G7FNJsGZjQxCW1NwK8RBJhLWprGJKcGe/PE9apzX3vObenlXrV0UdZbAPDsARcMEFqIMb0ABNgMEjeAav4M16sl6sd+tjOlqyiswu+APr8wc70pY8</latexit>

X
+
i�1

<latexit sha1_base64="kpYlxxT5/SX1soPDtLx4LD5AZR8=">AAAB+XicbVBNS8NAEJ34WetX1KOXxSIIYklE1GPRi8eK9gPaGDbbTbt0Nwm7m0IJ+SdePCji1X/izX/jts1BWx8MPN6bYWZekHCmtON8W0vLK6tr66WN8ubW9s6uvbffVHEqCW2QmMeyHWBFOYtoQzPNaTuRFIuA01YwvJ34rRGVisXRox4n1BO4H7GQEayN5Nt294H1BfYzdubmT9lp7tsVp+pMgRaJW5AKFKj79le3F5NU0EgTjpXquE6ivQxLzQinebmbKppgMsR92jE0woIqL5tenqNjo/RQGEtTkUZT9fdEhoVSYxGYToH1QM17E/E/r5Pq8NrLWJSkmkZktihMOdIxmsSAekxSovnYEEwkM7ciMsASE23CKpsQ3PmXF0nzvOpeVt37i0rtpoijBIdwBCfgwhXU4A7q0AACI3iGV3izMuvFerc+Zq1LVjFzAH9gff4A+3iTPQ==</latexit>

⌃+
i�1

Construct:
<latexit sha1_base64="/l/hzxiCbUJR5JTTwOPFHaWw+18=">AAACG3icbVDLSsNAFJ3UV62vqEs3g0UQpCUpom6Eoi5cVrAPaGKYTKft0MkkzEyEEvIfbvwVNy4UcSW48G+ctFnY1gMDh3Pu4c49fsSoVJb1YxSWlldW14rrpY3Nre0dc3evJcNYYNLEIQtFx0eSMMpJU1HFSCcSBAU+I21/dJ357UciJA35vRpHxA3QgNM+xUhpyTNrTqjtLJ100oeKRy8TByMGb1KPwhkvOUm9hFbs1DPLVtWaAC4SOydlkKPhmV9OL8RxQLjCDEnZta1IuQkSimJG0pITSxIhPEID0tWUo4BIN5nclsIjrfRgPxT6cQUn6t9EggIpx4GvJwOkhnLey8T/vG6s+hduQnkUK8LxdFE/ZlCFMCsK9qggWLGxJggLqv8K8RAJhJWus6RLsOdPXiStWtU+q9p3p+X6VV5HERyAQ3AMbHAO6uAWNEATYPAEXsAbeDeejVfjw/icjhaMPLMPZmB8/wKeUKHE</latexit>

X
�
i = DiX

+
i�1

<latexit sha1_base64="1rGttM9rl+Xc/WKcVkoHatweSiA=">AAACJXicbZDLSsNAFIYn9VbrLerSzWARBGlJRNSFQlEXLiv2Bk0aJpNpO3RyYWYilJCXceOruHFhEcGVr+K0jaitPwz8fOcczpzfjRgV0jA+tNzC4tLySn61sLa+sbmlb+80RBhzTOo4ZCFvuUgQRgNSl1Qy0oo4Qb7LSNMdXI/rzQfCBQ2DmhxGxPZRL6BdipFUyNEvrHva85FDO6XLzCaeQ9OjxMKIwZvUod+Ylsy0U/rhnZqjF42yMRGcN2ZmiiBT1dFHlhfi2CeBxAwJ0TaNSNoJ4pJiRtKCFQsSITxAPdJWNkA+EXYyuTKFB4p4sBty9QIJJ/T3RIJ8IYa+qzp9JPtitjaG/9Xaseye2wkNoliSAE8XdWMGZQjHkUGPcoIlGyqDMKfqrxD3EUdYqmALKgRz9uR50zgum6dl8+6kWLnK4siDPbAPDoEJzkAF3IIqqAMMHsEzeAUj7Ul70d6092lrTstmdsEfaZ9f8iak6Q==</latexit>

⌃�
i = ⌃di +Di⌃

�
i�1D

T
i

Now construct:

<latexit sha1_base64="XoCnRpsGaasLdqAkqBxs1MMtcVg="></latexit>

X̄+
i = X̄�

i +Ki

⇥
yi �MiX̄

�
i

⇤ <latexit sha1_base64="nH75oKUOHnWSY02ILiYtto6VlqY="></latexit>

⌃+
i = [I �KiMi]⌃

�
i

<latexit sha1_base64="wyeOR04Fp8kS0KBKj95qeln8bCE="></latexit>

Ki = ⌃�
i M

T
i

⇥
Mi⌃

�
i M

T
i + ⌃mi

⇤�1Where:

Measurement arrives: 
<latexit sha1_base64="J0yRYVOGwUsdkJypZqrVkqRuxq0=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIL3BTdONGqWgf0IQwmU7aoTNJmJmIIeRL3PgrblwoIrjSv3H6WGjrgQuHc+7l3nv8mFGpLOvbKMzNLywuFZdLK6tr6xvm5lZTRonApIEjFom2jyRhNCQNRRUj7VgQxH1GWv7gYui37omQNArvVBoTl6NeSAOKkdKSZx5ljh/ANPcodCTl8LqSORgxeDVURt5D7mU0P4POLe1x5GWc5vueWbaq1ghwltgTUgYT1D3z0+lGOOEkVJghKTu2FSs3Q0JRzEhechJJYoQHqEc6moaIE+lmo/dyuKeVLgwioStUcKT+nsgQlzLlvu7kSPXltDcU//M6iQpO3YyGcaJIiMeLgoRBFcFhVrBLBcGKpZogLKi+FeI+EggrnWhJh2BPvzxLmgdV+7hq3xyWa+eTOIpgB+yCCrDBCaiBS1AHDYDBI3gGr+DNeDJejHfjY9xaMCYz2+APjK8fJoOh5g==</latexit>

yi ⇠ N(Mixi;⌃mi)



State Position
against time

Velocity

Position



Notice how uncertainty 
in state grows with 

movement and 
is reduced with 
measurement.



Tricks

• Smoothing
• You can build a representation of P(X_i|Y_0, …. Y_N) 

• (i.e. incorporating future measurements)
• run one filter forward, one backward

• posterior of forward filter is normal
• predictive for backward is normal
• etc.

• Polishing
• This means that, if I can endure latency, I can have two estimates

• one at the time of the i’th measurement
• one a few measurements later, that is more accurate



Data Association

• Nearest neighbours
• choose the measurement with highest probability given predicted state
• popular, but can lead to catastrophe

• Probabilistic Data Association
• combine measurements, weighting by probability given predicted state
• gate using predicted state


