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Helicopter height-velocity diagram

(colloquially, dead man’s curve;

from wikipedia; there are all sorts

of operating limits to helicopters)



Key issue

• You have to think about control input as well

• Compare:


• RRT in kinematic planning - 

• check is there no obstacle


• RRT in dynamic planning

• what feasible control gets you from qnear to qrand?


• there might not be one

• it might be hard to find



Notice this f isn’t the f in slide 6 — 

it maps initial state to final state given control u

















HOW?Strategies:


Optimization 

           with simulator


Discretize



Boundary value problems

• Our simple system

• start at x=0, v=0

• obstacle starts at x=1

• plan to go to x=0.9, v=-2

Point robot

on a line

Obstacle

✓
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Control constraint:
 �1  u  1



Boundary value problems - II

• Our simple system

• start at x=0, v=0

• obstacle starts at x=1

• plan to go to x=0.9, v=-2


• Write this system

• so general solution is:

Control constraint:
 �1  u  1

<latexit sha1_base64="63bOuwfCQJJD3NIzhvPvX2HMMrs=">AAAB/nicbVBNS8NAEJ34WetXVDx5WSyCp5IUUS9C0YvHCvYD2rRsNpt26WYTdjdiCQX/ihcPinj1d3jz37htc9DWBwOP92aYmecnnCntON/W0vLK6tp6YaO4ubW9s2vv7TdUnEpC6yTmsWz5WFHOBK1rpjltJZLiyOe06Q9vJn7zgUrFYnGvRwn1ItwXLGQEayP17MNOKDHJgm4FPY6zAOluZXyV9uySU3amQIvEzUkJctR69lcniEkaUaEJx0q1XSfRXoalZoTTcbGTKppgMsR92jZU4IgqL5ueP0YnRglQGEtTQqOp+nsiw5FSo8g3nRHWAzXvTcT/vHaqw0svYyJJNRVktihMOdIxmmSBAiYp0XxkCCaSmVsRGWCThzaJFU0I7vzLi6RRKbvnZffurFS9zuMowBEcwym4cAFVuIUa1IFABs/wCm/Wk/VivVsfs9YlK585gD+wPn8AgSmVMQ==</latexit>

d2x

dt2
= u

<latexit sha1_base64="rz/PQY7Mj5j2BxndFIryHMAgWek=">AAACBnicbVDLSsNAFJ3UV62vqEsRBosgCCUpoi6LblxWsA9oY5hMJ+3QySTM3AglZOXGX3HjQhG3foM7/8bpY6GtBy73cM69zNwTJIJrcJxvq7C0vLK6VlwvbWxube/Yu3tNHaeKsgaNRazaAdFMcMkawEGwdqIYiQLBWsHweuy3HpjSPJZ3MEqYF5G+5CGnBIzk24fUd/Appr6LwfRuqAjN0jyr5hjuq75ddirOBHiRuDNSRjPUffur24tpGjEJVBCtO66TgJcRBZwKlpe6qWYJoUPSZx1DJYmY9rLJGTk+NkoPh7EyJQFP1N8bGYm0HkWBmYwIDPS8Nxb/8zophJdexmWSApN0+lCYCgwxHmeCe1wxCmJkCKGKm79iOiAmCTDJlUwI7vzJi6RZrbjnFff2rFy7msVRRAfoCJ0gF12gGrpBddRAFD2iZ/SK3qwn68V6tz6mowVrtrOP/sD6/AHTP5bV</latexit>
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What does this look like in (x, v) space?



Boundary value problems - III

• Imagine we’re at


• and want to go to 


• What u do we use? 

• and can we do it?


• Notice we have four constraints, four unknowns 

• didn’t specify arrival time!

<latexit sha1_base64="fReXEGJNXaTvv2gnhrUIHFq/JnI=">AAACFnicbVBNS8NAEN34bf2qevSyWAQ9WBIR9Vj04lHBqtCEstlM2qWbTdidCCH0V3jxr3jxoIhX8ea/cVtzUOuDgcd7M7szL8ykMOi6n87U9Mzs3PzCYm1peWV1rb6+cW3SXHNo81Sm+jZkBqRQ0EaBEm4zDSwJJdyEg7ORf3MH2ohUXWGRQZCwnhKx4Ayt1K3v+xJi3PVD6AlVMq1ZMSz5kPk+DX1QUSX5WvT6uNetN9ymOwadJF5FGqTCRbf+4UcpzxNQyCUzpuO5GQb2URRcwrDm5wYyxgesBx1LFUvABOX4rCHdsUpE41TbUkjH6s+JkiXGFEloOxOGffPXG4n/eZ0c45OgFCrLERT//ijOJcWUjjKikdDAURaWMK6F3ZXyPtOMo02yZkPw/p48Sa4Pmt5R07s8bLROqzgWyBbZJrvEI8ekRc7JBWkTTu7JI3kmL86D8+S8Om/frVNONbNJfsF5/wK+KKBd</latexit>✓
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<latexit sha1_base64="63ZgjCgbvTQtaaiLrRC1zegjgFw=">AAACFnicbVBNS8NAEN34WetX1aOXxSLowZKIqMeiF48VbBWaUjabSbt0swm7E6GE/gov/hUvHhTxKt78N27bHNT6YODx3szuzAtSKQy67pczN7+wuLRcWimvrq1vbFa2tlsmyTSHJk9kou8CZkAKBU0UKOEu1cDiQMJtMLgc+7f3oI1I1A0OU+jErKdEJDhDK3UrR76ECA/8AHpC5UxrNhzlfMR9n4Y+qLCQfC16fTzsVqpuzZ2AzhKvIFVSoNGtfPphwrMYFHLJjGl7bood+ygKLmFU9jMDKeMD1oO2pYrFYDr55KwR3bdKSKNE21JIJ+rPiZzFxgzjwHbGDPvmrzcW//PaGUbnnVyoNENQfPpRlEmKCR1nREOhgaMcWsK4FnZXyvtMM442ybINwft78ixpHde805p3fVKtXxRxlMgu2SMHxCNnpE6uSIM0CScP5Im8kFfn0Xl23pz3aeucU8zskF9wPr4BxIigYQ==</latexit>✓
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Boundary value problems - IV

• Start at t=0


• arrive at time t=s

<latexit sha1_base64="b1FhBkNdC80qT78HnaIXnkZK9hs="></latexit>✓
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<latexit sha1_base64="kx0qxCDJnv39ADwco0+wc7HQ2Cg=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXiyJiHoRil48VrAf0Iay2WzapZtN2N0INeSXePGgiFd/ijf/jds2B219MPB4b4aZeX7CmdKO822VVlbX1jfKm5Wt7Z3dqr2331ZxKgltkZjHsutjRTkTtKWZ5rSbSIojn9OOP76d+p1HKhWLxYOeJNSL8FCwkBGsjTSwq+q6H0pMsuDUz7M0H9g1p+7MgJaJW5AaFGgO7K9+EJM0okITjpXquU6ivQxLzQineaWfKppgMsZD2jNU4IgqL5sdnqNjowQojKUpodFM/T2R4UipSeSbzgjrkVr0puJ/Xi/V4ZWXMZGkmgoyXxSmHOkYTVNAAZOUaD4xBBPJzK2IjLDJQZusKiYEd/HlZdI+q7sXdff+vNa4KeIowyEcwQm4cAkNuIMmtIBACs/wCm/Wk/VivVsf89aSVcwcwB9Ynz/v45NH</latexit>

s =
d� b

u

<latexit sha1_base64="hG0wMIPqPor2hEMnsJyI15iCx0U=">AAACDXicbVDLSsNAFJ34rPUVdelmsArtIiUpom6EohuXFewD2lgmk0k7dDIJMxOhhP6AG3/FjQtF3Lp35984TbPQ1gMXDufcy733eDGjUtn2t7G0vLK6tl7YKG5ube/smnv7LRklApMmjlgkOh6ShFFOmooqRjqxICj0GGl7o+up334gQtKI36lxTNwQDTgNKEZKS33zuIwsXIEJvISWV/Ytr2L1AoFw6kzS2iQT7mt9s2RX7QxwkTg5KYEcjb751fMjnISEK8yQlF3HjpWbIqEoZmRS7CWSxAiP0IB0NeUoJNJNs28m8EQrPgwioYsrmKm/J1IUSjkOPd0ZIjWU895U/M/rJiq4cFPK40QRjmeLgoRBFcFpNNCngmDFxpogLKi+FeIh0mEoHWBRh+DMv7xIWrWqc1Z1bk9L9as8jgI4BEegDBxwDurgBjRAE2DwCJ7BK3gznowX4934mLUuGfnMAfgD4/MHP/aYjA==</latexit>
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<latexit sha1_base64="0q+GrddC9bzYKlkxJNxRxtkwLo4=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0VokZSkiLoRim5cVrAPaGOZTCbt0MmDmYlSQj7Cjb/ixoUibl2482+cpllo64ELZ865l7n3OBGjQprmt1ZYWl5ZXSuulzY2t7Z39N29tghjjkkLhyzkXQcJwmhAWpJKRroRJ8h3GOk446up37knXNAwuJWTiNg+GgbUoxhJJQ3044cL2Pc4wonhVFzDqRqzl5Um9TQT7uppUkEGrqYDvWzWzAxwkVg5KYMczYH+1XdDHPskkJghIXqWGUk7QVxSzEha6seCRAiP0ZD0FA2QT4SdZEel8EgpLvRCriqQMFN/TyTIF2LiO6rTR3Ik5r2p+J/Xi6V3bic0iGJJAjz7yIsZlCGcJgRdygmWbKIIwpyqXSEeIRWKVDmWVAjW/MmLpF2vWac16+ak3LjM4yiCA3AIKsACZ6ABrkETtAAGj+AZvII37Ul70d61j1lrQctn9sEfaJ8/UfmcfA==</latexit>
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<latexit sha1_base64="Nc3zM2HjJWCvhbGOZQOyWLzNOIg="></latexit>

u =
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<

:

1 if w > 1
w if �1  w  1
�1 otherwise



Strategy

• Can now compute u, s

• that takes us from closest point to sample


• or nearby (recall constraints on u)

• does that path intersect physical obstacle?


• yes - either drop, or reduce s

• no - add sample, recording u, s as well


• We now can build a tree!



x

v

Obstacle

(x, v)

I’m here, and

decelerate

�x = v2

2

Distance travelled

until stationary


at acceleration = -1



Boundary value problems - V

• This should strike you as being hard to generalize

• most odes don’t have easy closed form solutions

• why use constant acceleration?


• I got an easy answer


• Strategies

• use a simulator

• search a discrete set of control inputs


• Particularly important idea

• Do many path segments in advance; cache the results (motion primitives)

• Search that set for something that gets “close” to the endpoint


• Q:

• what primitives?  search how?



Motion Primitives

• Discretization

• build a set of motion primitives 


• start state, control input -> path, end state

• procedures for composing them


• what primitives can be applied in what state?

• there is translation, rotation covariance


• Search this set of primitives 

• various options



Searching the primitives - I

• Build an RRT whose edges are primitives

• Recall in RRT, we must build an edge from a state to a state


• or partway

• Do this by finding a primitive that is “helpful”


• blank search

• some form of hashing


• “helpful”

• new state is “close to” desired state



Searching the primitives - II

• Some form of randomized search 

• to assemble primitives into path from start to goal

• (more under motion graphs)



Joining up

• Generic issue:  how to adjust path?



Dynamics make planning harder

• Dynamics introduce differential constraints

ẋ = f(x, u)

StateDerivative of state Control input - 

there might be 


constraints on this, 

too

Quite possibly nasty



Boundary value problems - I

ẋ = f(x, u)

State

Derivative of state Control input - 

there might be 


constraints on this, 

tooQuite possibly nasty

<latexit sha1_base64="6b4ga3vrZxnsCG4qL3nF+CJlruE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiFL14rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuRKs2kuDfjmPoRHggWMoKNlZpPZff0CveKJbfizoCWiZeREmSo94pf3b4kSUSFIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUoEjqv10du0EnVilj0KpbAmDZurviRRHWo+jwHZG2Az1ojcV//M6iQkv/ZSJODFUkPmiMOHISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSwIXiLLy+T5lnFO694d9VS7TqLIw9HcAxl8OACanALdWgAgQd4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/V/mOUw==</latexit>

x(0) = a

Constraints on controls

Constraints on state

Notice over here we’ve assumed an

arrival time at goal

Start

Goal
<latexit sha1_base64="5kg0lHydnGeVijhkEtl4ar3O9p0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiFL14rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuRKs2kuDfjmPoRHggWMoKNlZpPZe/0atArltyKOwNaJl5GSpCh3it+dfuSJBEVhnCsdcdzY+OnWBlGOJ0UuommMSYjPKAdSwWOqPbT2bUTdGKVPgqlsiUMmqm/J1IcaT2OAtsZYTPUi95U/M/rJCa89FMm4sRQQeaLwoQjI9H0ddRnihLDx5Zgopi9FZEhVpgYG1DBhuAtvrxMmmcV77zi3VVLtessjjwcwTGUwYMLqMEt1KEBBB7gGV7hzZHOi/PufMxbc042cwh/4Hz+AGKYjlo=</latexit>

x(1) = g



Boundary value problems - II

ẋ = f(x, u)
<latexit sha1_base64="6b4ga3vrZxnsCG4qL3nF+CJlruE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiFL14rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuRKs2kuDfjmPoRHggWMoKNlZpPZff0CveKJbfizoCWiZeREmSo94pf3b4kSUSFIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUoEjqv10du0EnVilj0KpbAmDZurviRRHWo+jwHZG2Az1ojcV//M6iQkv/ZSJODFUkPmiMOHISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSwIXiLLy+T5lnFO694d9VS7TqLIw9HcAxl8OACanALdWgAgQd4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/V/mOUw==</latexit>

x(0) = a

Constraints on controls

Constraints on state

Generally, find u such that:

ẋ = f(x, u)
<latexit sha1_base64="6b4ga3vrZxnsCG4qL3nF+CJlruE=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiFL14rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuRKs2kuDfjmPoRHggWMoKNlZpPZff0CveKJbfizoCWiZeREmSo94pf3b4kSUSFIRxr3fHc2PgpVoYRTieFbqJpjMkID2jHUoEjqv10du0EnVilj0KpbAmDZurviRRHWo+jwHZG2Az1ojcV//M6iQkv/ZSJODFUkPmiMOHISDR9HfWZosTwsSWYKGZvRWSIFSbGBlSwIXiLLy+T5lnFO694d9VS7TqLIw9HcAxl8OACanALdWgAgQd4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/V/mOUw==</latexit>

x(0) = a
<latexit sha1_base64="w2+Sn3A6ZrsYRLDbubQsups5FJQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiFL14rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuRKs2kuDfjmPoRHggWMoKNlZpPZe/0KugVS27FnQEtEy8jJchQ7xW/un1JkogKQzjWuuO5sfFTrAwjnE4K3UTTGJMRHtCOpQJHVPvp7NoJOrFKH4VS2RIGzdTfEymOtB5Hge2MsBnqRW8q/ud1EhNe+ikTcWKoIPNFYcKRkWj6OuozRYnhY0swUczeisgQK0yMDahgQ/AWX14mzbOKd17x7qql2nUWRx6O4BjK4MEF1OAW6tAAAg/wDK/w5kjnxXl3PuatOSebOYQ/cD5/AFsEjlU=</latexit>

x(1) = b

Constraints on controls

Constraints on state

We already have u such that:

<latexit sha1_base64="5kg0lHydnGeVijhkEtl4ar3O9p0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPUiFL14rGA/oF1KNs22sdlkSbJiWfofvHhQxKv/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjG6mfuuRKs2kuDfjmPoRHggWMoKNlZpPZe/0atArltyKOwNaJl5GSpCh3it+dfuSJBEVhnCsdcdzY+OnWBlGOJ0UuommMSYjPKAdSwWOqPbT2bUTdGKVPgqlsiUMmqm/J1IcaT2OAtsZYTPUi95U/M/rJCa89FMm4sRQQeaLwoQjI9H0ddRnihLDx5Zgopi9FZEhVpgYG1DBhuAtvrxMmmcV77zi3VVLtessjjwcwTGUwYMLqMEt1KEBBB7gGV7hzZHOi/PufMxbc042cwh/4Hz+AGKYjlo=</latexit>

x(1) = g



BVP’s - III
<latexit sha1_base64="BrfFumNT/YDLV1FLY/H1PuxEFzw="></latexit>

min
�u

Cost(�u)

such that

ẋ = f(x;u+ �u)

x(0) = a

x(1;u+ �u) = g

Constraints on state

Constraints on controls



BVP’s - IV

• Simplify by

• making \delta u finite dimensional

• assuming a solution exists


• and is a “reasonable” function of 
\delta u


• not trivial!  


• becomes:

• f-d constrained optimization problem

<latexit sha1_base64="BrfFumNT/YDLV1FLY/H1PuxEFzw="></latexit>

min
�u

Cost(�u)

such that

ẋ = f(x;u+ �u)

x(0) = a

x(1;u+ �u) = g

Constraints on state

Constraints on controls



BVP’s - IV

<latexit sha1_base64="LQbiLw0TgTth6dASh1i0aTkyyZQ=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQNyURUTdC0Y3LCvYBTQiTyaQdOnkwcyOU0J0bf8WNC0Xc+gvu/BunbRbaeuDC4Zx7ufcePxVcgWV9G6Wl5ZXVtfJ6ZWNza3vH3N1rqySTlLVoIhLZ9YligsesBRwE66aSkcgXrOMPbyZ+54FJxZP4HkYpcyPSj3nIKQEteeahEzABxMvwlaOyyOOY6HLSAfd4DU48s2rVrSnwIrELUkUFmp755QQJzSIWAxVEqZ5tpeDmRAKngo0rTqZYSuiQ9FlP05hETLn59I8xPtZKgMNE6ooBT9XfEzmJlBpFvu6MCAzUvDcR//N6GYSXbs7jNAMW09miMBMYEjwJBQdcMgpipAmhkutbMR0QSSjo6Co6BHv+5UXSPq3b53X77qzauC7iKKMDdIRqyEYXqIFuURO1EEWP6Bm9ojfjyXgx3o2PWWvJKGb20R8Ynz+csZiA</latexit>

�u =
X

i

ai�i(t)

Choose these

Search for

these

<latexit sha1_base64="a+QR5U3AjoMSYMJFgPdBM14rTa8=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBCSS9gVUUGEoAc9RjAPSJbQO5lNhsw+mJkVw5Lf8OJBEa/+jDf/xkmyB00saCiquunu8mLBlbbtb2tpeWV1bT23kd/c2t7ZLeztN1SUSMrqNBKRbHmomOAhq2uuBWvFkmHgCdb0hjcTv/nIpOJR+KBHMXMD7Ifc5xS1kTpPJeeSYPnqtoTlbqFoV+wpyCJxMlKEDLVu4avTi2gSsFBTgUq1HTvWbopScyrYON9JFIuRDrHP2oaGGDDlptObx+TYKD3iR9JUqMlU/T2RYqDUKPBMZ4B6oOa9ifif1060f+GmPIwTzUI6W+QnguiITAIgPS4Z1WJkCFLJza2EDlAi1SamvAnBmX95kTROKs5Zxbk/LVavszhycAhHUAIHzqEKd1CDOlCI4Rle4c1KrBfr3fqYtS5Z2cwB/IH1+QNHS4/k</latexit>

x(1; a) = G(a)

• Simplify by

• making \delta u finite dimensional

• assuming a solution exists


• and is a “reasonable” function of 
\delta u


• not trivial!  


• becomes:

• f-d constrained optimization problem



BVP’s - V

• Could use a numerical method 


• For example

• Augmented Lagrangian method

• Q: gradient of G wrt a?


• possibly numerical


• With a reasonable hope of 
success

<latexit sha1_base64="JeEmzhzERUDPYJnKRVB6eGi3rEY="></latexit>

min
a

aTa

subject to

G(a) = g

Constraints on state

Constraints on controls



Motion capture

Arikan ea 06



However, modifying motion is dangerous

Zordan et al 03



The motion graph

• Old idea in human animation

• Essentially, build a roadmap of what people can do by


• joining up animation sequences

• Control by


• searching these sequences



Motion graph

• Motion graph: by analogy with 

• text synthesis, texture synthesis, video textures


• Take measured frames of motion as nodes

• from motion capture, given us by our friends


• Edge from frame to any that could succeed it

• decide by dynamical similarity criterion

• see also (Kovar et al 02; Lee et al 02)


• A path is a motion

• Search with constraints


• like root position+orientation, etc.

• In various ways


• Local (Kovar et al 02)

• Lee et al 02; Ikemoto, Arikan+Forsyth 05


Motion Graph:

Nodes =  Frames

Edges =  Transition

A path = A motion



Inserting edges

• Given a reasonable matching function, we can insert edges



Matching frames

• Q:  when can I cut from one sequence to another?

• without problems?


• A:  when the next frames are “like one another”

• configuration is similar


• up to rotation and translation of the torso

• rotate and translate f_i to f_j’s frame

• check joints


• velocity is the same 

• in torso frame


• rotate and translate f_i to f_j’s frame

• check joint velocities


• Generally, you expect a lot of matches



Why a motion graph?

• No reliable method for generating novel motions

• at the time (current learned methods quite good)

• some special cases work OK 


• Keys for special cases

• data driven methods work well for temporal composition

• Some motions can be blended successfully

• Contacts create special problems

• There are complex, cross-body correlations


• Easy to build complex movements by search



Car motion graph

• Analogy with car

• drive around “at random”


• record position, velocity, controls

• we now have a set of sequences of observed configurations


• and the controls required

• build motion graph out of sequences


• NOTE: should have a very large number of edges

• basically, check that velocities are similar


• search this for a path

• controls?  read off from frames in path

• problems?  replan by searching again













Arikan+Forsyth 02



Arikan+Forsyth 02



Arikan+Forsyth 02



Ikemoto+Forsyth 04

Relative timing matters



Ikemoto+Forsyth 04

Relative timing matters






