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. sroblem. Using the ‘strongly feasible’ trees of Cunningham [1976], Roohy-

t pr howed that a version of the simplex method solves the assignment
_@__M@m than n® pivots (cf. Hung [1983], Orlin [1985], and Akgil [1993);
n vﬁﬁmn gives a method with O(n®) pivots, yielding an O(n(m + nlog n))

Froof. See above.

17.5. Further results and notes ; ._.u.. [1985] (cf. Goldfarb [1985]) showed that a version of the dual simplex

od (the signature method) solves the assignment problem in strongly voﬁ.u?
- AQ?J pivots, yielding an O(n®) mﬁolzﬂ.av..goﬁm can rm.w found in
ig [1963], Barr, Glover, and Klingman [1977], wmrn.m.w_ ?@m&_. Ahuja and Or-
g 1992], Akgiil [1988], Paparrizos [1988], and Akgiil and Ekin [1991].
m_._ﬂ._rma algorithmic studies of the assignment problem, consult Flood [1960],
sberg [1962], Hoffman and Markowitz [1963], Balinski and Gomory [1964],
urier [1972], Carpaneto and Toth [1980a,1983,1987], Hung muﬂ Rom T@mo.?
" ._mgcr Bertsekas [1981,1987,1992] (‘auction method’), Engquist [1982], Avis
. Avis and Devroye [1985], Derigs [1985b,1988a], Carraresi and Sodini [1986],
gs and Metz [1986a], Glover, Glover, and Klingman [1986], Jonker and Vol-

17.5a. Complexity survey for maximum-weight bipartite mMatch;
HHW

Complexity survey for the maximum-weight bipartite matching (x jpg;
asymptotically best bound in the table): cates ag

O(nW - VC(n, m)) Egervary [1931] (implicitly)
o(2"n?) Easterfield [1946]
O(nW - DC(n,m, W)) | Robinson [1949]

2 - et einschmidt, Lee, and Schannath [1987], Avis and Lai [1988], Bert-

O(n*) MMMMOMEEEV Munkres (195728 Hungarian g _ﬁommuw__nwmmb [1988], Ewﬁimi [1989,1994], Nmﬁ._wwnmmczm&.ma and Pruhs [1991,

O(n’m) Tri [1960] ], Khuller, Mitchell, and Vazirani [1991,1994], Goldberg and Kennedy (1997
-relabel), and Arora, Frieze, and Kaplan [1996,2002].

O(n®) Dinits and Kronrod [1969] For computational studies, see Silver [1960], Florian and Klein [1970), Barr,

er, and Klingman [1977] (simplex method), Gavish, Schweitzer, and Shlifer
7] (simplex method), Bertsekas [1981], Engquist [1982], McGinnis [1983], Lind-
and Olafsson [1984] (simplex method), Glover, Glover, and Klingman [1986],
er and Volgenant [1987), Bertsekas and Eckstein [1988], and Goldberg and
[1995] (push-relabel). Consult also Johnson and McGeoch [1993].
inear-time algorithm for weighted bipartite matching problems satisfying a
drangle or other inequality were given by Karp and Li [1975], Buss and Yianilos
994,1998], and Aggarwal, Bar-Noy, Khuller, Kravets, and Schieber [1995].

¢ generating all minimum-weight perfect matchings, see Fukuda and Matsui
- For studies of the ‘most vital’ edges in a weighted bipartite graph, see Hung,
nd Sung [1993].

40z and Edmonds [1985] gave an example showing that iterative dual im-
ents in the linear programming problem dual to the assignment problem,
0t converge for irrational data.

' the ‘bottleneck’ assignment problem, see Gross [1959] and Garfinkel [1971].
gebraic approach to assignment problems was described by Burkard, Hahn,
Zimmermany [1977).

¥ SUrveys on matching algorithms, see Galil [1983,1986a,1986b]. Books cov-
8 the weighted bipartite matching and assignment problems include Ford
E <erson [1962], Dantzig [1963], Christofides [1975], Lawler [1976b], Bazaraa
; Avis [1977], Burkard and Derigs [1980], Papadimitriou and Steiglitz [1982),
. . w20 and Minoux [1984], Rockafellar [1984], Derigs [1988a], Bazaraa, Jarvis,
hﬁ&.&mﬂ method. Finding a maximum-weight matching in a bipartite graph is & , e erali [1990), Cook, Cunningham, Pulleyblank, and Schrijver [1998], Jung-
special case of a linear programming problem (see Chapter 18), and hence linear F - ME.@@B. Mehlhorn and Niher (1999], and Korte and Vygen [2000].
programming methods like the simplex method apply. Wl

* O(n - SP4(n,m, W) Edmonds and Karp [1970], Tomizawa [1971]

O(n**mlog W) Gabow [1983b,1985a,1985b)

Gabow and Tarjan [1988b,1989] (cf i
. o 1 J , | (cf. Orlin
(Vi mlog(nw)) and Ahuja [1992))

é Kao, Lam, Sung, and Ting [1999]

O(vnmWw log,, (n?/m)) Kao, Lam, Sung, and Ting [2001]

Here W := ||w]|oo (assuming w to be integer-valued). Moreover, SP_ (n,m, W) is
the time needed to find a shortest path in a directed graph with n vertices and
m arcs, with nonnegative integer lengths on the arcs, each at most W. Similarly,
DC(n,m, W) is the time required to find a negative-length directed circuit in a
directed graph with n vertices and m arcs, with integer lengths on the arcs, each
at most W in absolute value, Moreover, VC(n, m) is the time required to find a
minimum-size vertex cover in a bipartite graph with n vertices and m edges.

Dinits [1976] gave an algorithm for finding a minimum-weight matching in Kp.g
of size p, with time bound O(Ipl® + pq) (taking p <q).

17.5b. Further notes

8 Munkres showed that Kuhn’s ‘Hungarian method’ takes O(n?) time.





