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Fill the answers and your name in on the exam, and return it. You have 180 mins.
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Hypotheses and populations 7
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Classification 9
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Principal Components 10
Linear Regression 2
Linear Regression 6
Linear Regression 6



Hypotheses and Populations

You wish to estimate the mean of a population. Although you do not know it, the population has mean 10,
and standard deviation 3.

• Assume that you know that the population has standard deviation 3. You draw 1 sample randomly
from the population.

1. How can you estimate the population mean from this sample? (2)

2. How accurate is your estimate? (i.e. what is its standard deviation) (2)

3. How can you make your estimate have standard deviation 0.1? (2)

• Assume that you do not know the population standard deviation. How can you estimate it? (1)



Hypotheses and Populations

I have two populations. I draw a random sample from population A, which has 10 items in it. The mean of
this sample is 0. The standard deviation is 1. I now draw a random sample from population B, which has
10 items in it. The mean of this sample is 1, and the standard deviation is 0.5.

• The mean of the sample from population A is a random variable.

1. What probability distribution does it have? (1)

2. What is the mean of that probability distribution? (1)

3. Give an estimate of the standard deviation of that probability distribution? (1)

• Now assume the hypothesis that populations A and B are the same. In this case, the difference between
the sample means is a random variable.

1. What probability distribution does it have? (1)

2. What is the mean of that probability distribution? (1)

3. Give an estimate of the standard deviation of that probability distribution. (1)

• Does the evidence support the hypothesis that populations A and B are the same? Why? (4)



Models and Populations

You have a die, but you do not know if it is fair or not. Write p6 for the probability that the die comes
up six. You perform the following experiment to determine p: you take a six-sided die, and roll it. If the
number that comes up is six, you stop; otherwise you repeat.

• What is the distribution of the number of times you roll the die? (1)

• What is the expected number of rolls? (3)

• What is the name of the procedure to estimate p from this information? (1)

• Assume the die comes up six on the 10’th roll. What is your best estimate of p6 from this experiment?
(3)

• Assume the die comes up six on the 1st roll. What is your best estimate of p6 from this experiment?
(3)



Classification

I wish to classify a high dimensional dataset.

• Why can I not build a histogram based classifier? (3)

• How does Naive Bayes help? (3)

• What assumption does Naive Bayes require? (3)



Models and Populations

I assume that newspaper reports about the global warming appear with a Poisson distribution.

• How could I estimate the intensity of this distribution, λ? (2)

• Assume you are given a value of λ. How could you test the hypothesis that this value correctly describes
that poisson distribution? (3)

• What does the assumption that these reports appear with a Poisson distribution mean (in terms of
independence)? (2)

• Assume that there are two newspapers, one strongly right wing and one strongly left wing. In this
case, would the Poisson assumption be reasonable? Why do you think so? (3)



Principal Components

I have a set of data points. Each is an N-dimensional vector. Write xi for the i’th such vector.

• Write an expression for the mean of this dataset (1)

• Write an expression for the covariance matrix of this dataset (1)

• Show that the covariance matrix is positive semi-definite (i.e. if the matrix is Σ, then for an arbitrary
vector u, uTΣu is always non-negative). (3)

• How would I compute the principal components of this dataset? (1)

• Give two uses for these principal components. (4)



Linear Regression

Figure 1:

Figure 1 appeared in newspaper articles during a recent fight over global warming. The figure shows a set
of data points of temperature as a function of time for the period 1997-2012.

Assume you use linear regression to fit a model of temperature as a function of time, where T is temper-
ature, t is time. The model has the form T = βtt+ β0.

1. On the figure, draw the line this model would fit (by eye). (1)

2. Give an approximate value for βt for this model (by eye). (1)



Linear Regression

We represent a set of N data points using the notation we used in class. We wish to predict temperature from
time. We write Y for a column vector containing all temperature measurements. We write xi = (ti, 1)

T for
a column vector containing the time and a 1 for the i’th measurement. We write X for a matrix containing
the data points where
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. We model the data as Xβ, and write e = Y − Xβ for the residual error.

1. How do we solve for β? (2)

2. Show that eTX = 0, using either an algebraic method or an argument. (3)

3. For this data, eTe is moderately large. What conclusion can we draw? (1)



Linear Regression

Figure 2:

Figure 2 appeared in newspaper articles during a recent fight over global warming. The figure shows a set of
data points of temperature as a function of time for the period 1975-2012. Assume you use linear regression
to fit a model of temperature as a function of time, where T is temperature, t is time. The model has the
form T = βtt+ β0. The line has been drawn on the figure by eye.

• Give an estimate of the value for βt for this figure (by eye). (2)

• By eye, choose an interval of 5 or more consecutive years of data where the βt would be negative. Mark
this interval on the graph, and draw the line predicted by regression in this interval (by eye). (2)

• Draw a conclusion about the effects of selecting intervals of data on the models that are fitted. (2)


