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Abstract. In this paper we propose a new approach for constructing efficient schemes for non-smooth convex
optimization. It is based on a special smoothing technique, which can be applied to functions with explicit
max-structure. Our approach can be considered as an alternative to black-box minimization. From the view-
point of efficiency estimates, we manage to improve the traditional bounds on the number of iterations of the
gradient schemes from O (}2) to O (é), keeping basically the complexity of each iteration unchanged.
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1. Introduction

Motivation. Historically, the subgradient methods were the first numerical schemes
for non-smooth convex minimization (see [11] and [7] for historical comments). Very
soon it was proved that the efficiency estimate of these schemes is of the order

1
0 <Z2) (L.1)

where € is the desired absolute accuracy of the approximate solution in function value
(see also [3]).

Up to now some variants of these methods remain attractive for researchers
(e.g. [4, 1]). This is not too surprising since the main drawback of these schemes, the
slow rate of convergence, is compensated by the very low complexity of each iteration.
Moreover, it was shown in [8] that the efficiency estimate of the simplest subgradient
method cannot be improved uniformly in dimension of the space of variables. Of course,
this statement is valid only for the black-box oracle model of the objective function.
However, its proof is constructive; namely, it was shown that the problem

n
min { max x@ : Z()c("))2 <1

x | i<i<n 4
i=1
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is difficult for all numerical schemes. This demonstration possibly explains a common
belief that the worst-case complexity estimate for finding an e-approximation of a min-
imum of a piece-wise linear function by gradient schemes is given by (1.1).

Actually, it is not the case. In practice, we never meet a pure black box model. We
always know something about the structure of the underlying objects. And the proper
use of the structure of the problem can and does help in finding the solution.

In this paper we discuss such a possibility. Namely, we present a systematic way to
approximate the initial non-smooth objective function by a function with Lipschitz-con-
tinuous gradient. After that we minimize the smooth function by an efficient gradient
method of type [9], [10]. It is known that these methods have an efficiency estimate of

the order O \/g), where L is the Lipschitz constant for the gradient of the objective

function. We show that in constructing a smooth e-approximation of the initial function,
L can be chosen of the order % Thus, we end up with a gradient scheme with efficiency

estimate of the order O (%) Note that our approach is different from the smoothing
technique used in constrained optimization for updating Lagrange multipliers (see [6]
and references therein).

Contents.The paper is organized as follows. In Section 2 we study a simple approach for
creating smooth approximations of non-smooth functions. In some aspects, our approach
resembles an old technique used in the theory of Modified Lagrangians [5, 2]. It is based
on the notion of an adjoint problem, which is a specification of the notion of a dual
problem. An adjoint problem is not uniquely defined and its dimension is different from
the dimension of the primal space. We can expect that the increase of the dimension of
the adjoint space makes the structure of the adjoint problem simpler. In Section 3 we
present a fast scheme for minimizing smooth convex functions. One of the advantages
of this scheme consists in a possibility to use a specific norm, which is suitable for
measuring the curvature of a particular objective function. This ability is similar to that
of the mirror descent methods [8, 1]. In Section 4 we apply the results of the previous
section to particular problem instances: solution of a matrix game, a continuous location
problem, a variational inequality with linear operator and a problem of the minimization
of a piece-wise linear function (see Section 11.3 [7] for interpretation of some exam-
ples). For all cases we give the upper bounds on the complexity of finding e-solutions
for the primal and dual problems. In Section 5 we discuss implementation issues and
some modifications of the proposed algorithm. Preliminary computational results are
given in Section 6. In this section we compare our computational results with theoretical
complexity of a cutting plane scheme and a short-step path-following scheme. We show
that on our family of test problems the new gradient schemes can indeed compete with
the most powerful polynomial-time methods.

Notation. In what follows we work with different primal and dual spaces equipped with
corresponding norms. We use the following notation. The (primal) finite-dimensional
real vector space is always denoted by E, possibly with an index. This space is endowed
with a norm || - ||, which has the same index as the corresponding space. The space of
linear functions on E (the dual space) is denoted by E*. For s € E* and x € E we
denote (s, x) the value of s at x. The scalar product (-, -) is marked by the same index
as E. The norm for the dual space is defined in the standard way:
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sl = max{(s, x) - flxll = 1},
For a linear operator A : E; — EJ we define the adjoint operator A* : E; — Ef
in the following way:
(Ax,u)y = (A*u,x)1 Vx € Eq, u € Es.
The norm of such an operator is defined as follows:

IAll1,2 = rgclgtx{Mx, u)2 t llxlle =1, flullz =1}
Clearly,
All12 = 1A%ll21 = mfx{IIAXIlﬁ dlxlh =1} = mjlx{llA*ullT Dllullz =1}
Hence, for any u € E> we have

TAull} < 1Al 2 - lull2. (1.2)

2. Smooth approximations of non-differentiable functions

In this paper our main problem of interest is as follows:
Find f* = min{f(x) : x € 01}, (2.1)
X

where Q1 is abounded closed convex set in a finite-dimensional real vector space £ and
f(x) is a continuous convex function on Q1. We do not assume f to be differentiable.

Quite often, the structure of the objective function in (2.1) is given explicitly. Let us
assume that this structure can be described by the following model:

fO) = f@) +max{(Ax,u)y = $) : u € Qa). 22)

where the function f (x) is continuous and convex on Q, Q> is a closed convex bounded
set in a finite-dimensional real vector space E», (]S(u) is a continuous convex function
on Q> and the linear operator A maps Ej to EJ. In this case the problem (2.1) can be
written in an adjoint form:

m;lx{¢>(u) cu € Qs
Pu) = —pu) +ngcin{(Ax, w4 f(x): x € Q1) (2.3)

However, note that this possibility is not completely similar to (2.2) since in our case we
implicitly assume that the function & (u) and the set Q5 are so simple that the solution of
the optimization problem in (2.2) can be found in a closed form. This assumption may
be not valid for the objects defining the function ¢ (u).

Note that for a convex function f (x) the representation (2.2) is not uniquely defined.
If we take, for example,

~

Q2 =Ey = Ef, ¢ = fulu) = max{(u, x)1 = f(x) : x € Er},



130 Y. Nesterov

then f (x) =0, and A is equal to 7, the identity operator. However, in this case the func-
tion ¢3(u) may be too complicated for our goals. Intuitively, it is clear that the bigger the
dimension of space E» is, the simpler the structures of the adjoint objects, the function
qAﬁ(u) and the set O, are. Let us see that in an example.

Example 1. Consider f(x) = max [{a;, x)1 — b|. Then we canset A = I, E, =

1<j<m
EY = R" and

&(u)szx{(u x)1 — max [{(aj,x )1—b(f)|}

1<]<

m

= max min 1{ {u, x) Z (J)[a x) — b7 Z|s(1)|<1

X seRM
j=1 j=1

— m,ien Z WpW) . = Z Ny Z|s(1)| <1
SER™

It is clear that the structure of such a function can be very complicated.
Let us look at another possibility. Note that

fx) = max |(a;,x); —bY| = max Zu(/) aj,x)y — b9 Z|u<f>|<1

1<j<m ueR™

~ m .
In this case Ey = R™, ¢(u) = (b,u) and Qr = {u € R" : Y |u'V| < 1}.
j=1
Finally, we can represent f(x) also as follows:

fe) = max Z(u(” uy’) - [aj, x) — b7 :

u=(uy,ur) R =
m .
Z +ul)y =1, u>0

In this case E, = R?", qAS(u) is a linear function and Q5 is a simplex. In Section 4.4 we
will see that this representation is the best. O

Let us show that the knowledge of the structure (2.2) can help in solving both prob-
lems (2.1) and (2.3). We are going to use this structure to construct a smooth approxi-
mation of the objective function in (2.1).

Consider a prox-function dy(u) of the set Q. This means that d;(«) is continuous
and strongly convex on Q> with some convexity parameter o > 0. Denote by

up = argmuin{dz(u) D ue Qs
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its prox-center. Without loss of generality we assume that d>(u#¢) = 0. Thus, for any
u € Qy we have

1
dy(u) 2 5o llu = uoll3. 24)
Let 1 be a positive smoothness parameter. Consider the following function:
fu) = max{(Ax, u)y — $u) — pdr(u) : u € Qa). 2.5)

Denote by u,, (x) the optimal solution of the above problem. Since the function d (1) is
strongly convex, this solution is unique.

Theorem 1. The function f, (x) is well defined and continuously differentiable at any
x € Ej1. Moreover, this function is convex and its gradient

Vfu,(x) = A*”u(x) (2.6)

is Lipschitz continuous with constant
1
Ly = — Al
" o> 1,2

Proof. Indeed, f,,(x) is convex as a maximum of functions, which are linear in x. It is
differentiable since u,, (x) is unique. Let us prove that its gradient is Lipschitz continu-
ous. Consider two points x; and x». For the sake of notation, without loss of generality we
assume that the functions (ﬁ(~) and d; (+) are differentiable. From the first-order optimality
conditions we have

(Ax1 — Vduu(x1) — wuVda(uy (x1)), ty (x2) — 4 (x1))2 < 0,
(Axy — V(uy(x2)) — uVda(uy (x2)), 1wy (x1) — uy(x2))2 < 0.

Adding these inequalities and using convexity of ¢3(-) and strong convexity of da(-), we
continue as follows:

(A(xr — x2), uy (x1) — up(x2))2
> (Ve (upu(x1)) — Yy (x2)) + (Vo (up (x1))
—Vdy(uy(x2))), uy(x1) — uy(x2))2
> w(Vda(uy(x1)) — Vo (uy (x2)), uy (x1)
—u, (x2))2 > poallup(x1) — uu () 3.

Thus, in view of (1.2), we have
(A% (x1) — A o)) < NAIT 5 - g (en) — up(x2) 113
1
< —02||A||%,2<A*<uu<x1> — uy(x2)), X1 — X2)1
< —GZIIAII%,Z A% () = A*u ()} - llx = x2llh.

O
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Denote Dy = max{d>(u) : u € Qs}and fy(x) = max{(Ax, u)z—qg(u) cu € Q.
u u
Then, for any x € E| we have

fu®) < fox) < fu(x) + uD;. 2.7

Thus, for u > 0 the function f,(x) can be seen as a uniform smooth approximation of
the function fp(x).

In the next section we present an efficient scheme for minimizing a convex function
with Lipschitz continuous gradient.

3. Optimal scheme for smooth optimization

Let us fix a function f(x), which is differentiable and convex on a closed convex set
Q C E. Assume that the gradient of this function is Lipschitz continuous:

IVf(x) = VIDI* < Llx—yl, Vx,ye0,
(notation: f € Ci’l(Q)). In this case for any x, y € Q we have
1
;) Sf(X)+(Vf(X),y—X)JrELIIy—XIIZ. (3.1)

Denote by T (x) € Q the optimal solution of the following minimization problem:

1
min {Wf(x), y=x)+ LIy —x|?: ye Q}. (3.2)

If the norm || - || is not strictly convex, the problem (3.2) can have multiple solutions. In
this case we stick the notation T (x) to any of them. In view of inequality (3.1), for any
x € Q we have

1
f(To) = f(x) +myin{(Vf(X),y —x)+ 5Ly —x|*: ye Q} : 3.3)

Denote by d(x) a prox-function of the set Q. We assume that d(x) is continuous and
strongly convex on Q with convexity parameter o > 0. Let xo be the center of the set
0:

xo = argmin{d(x) : x € Q}.

Without loss of generality assume that d(xg) = 0. Thus, for any x € Q we have
1 2
d(x) = Eallx — xoll”. (3.4)

In this section we consider an optimization scheme for solving the following prob-
lem:

min{f(x) : x € O}, (3.5)
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with f € C 11‘,1(Q). For simplicity, we assume that the constant L > 0 is known. Recall
that the standard gradient projection method at this problem converges as O (%), where
k is the iteration counter (see, e.g. [7]).

In our scheme we update recursively two sequences of points {x;};2, C Q and
{Vk}72y C Q in such a way that they satisfy the following relation:

k
L
A f )=y =min {;d(x)-l-zai[f(xi) +(Vfi), x —xi)]: x € Q} . (Ro)

i=0

k
where Ay = ) a; and {o;}{°, are some positive step-size parameters. Let us present
i=0
the way this can be done.
Indeed, for k = O let us take some o € (0, 1] and yo = Tp(x0). Then, in view of

inequalities (3.4) and (3.3), we have:
L
min {;d(x) + ool f(x0) + (V f(x0), x —x0)]: x € Q}
L
= oo min {mllx — xolI* + £ (x0) + (V f(x0), x —x0) : x € Q} > a0 f (o),

and that is (Ro).
Denote

k

.| L

Zk=mgmmi—du>+§jadf@»+<Vﬂmxx—xny er}.
* g i=0

Lemma 1. Let some sequence {ay}72 , satisfy the condition:

ao € (0,11, afy; < A1, k> 0. (3.6)

Suppose that (Ry) holds for some k > 0. Let us choose T, = Z’I‘;—:ll and

X1 = T2k + (1 — )k,
Vi1 = To(Xk41)- (3.7

Then the relation (Ry+1) holds.
Proof. Indeed, assume (Ry) holds. Then, since function d(x) is strongly convex, we
have
k+1
0L
Vi1 = min {—d(x) + Y il f () + (Vi) x —xi)]: x € Q}
* o i=0

1
ergn {W/rFELIIX — el e 1 [ G )+ (V f (k1) X — Xpeg1)] 0 X € Q} .
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Further, in view of relation (Ry) and the first rule in (3.7), we have

Vi + a1 Lf (k1) + (VI k1), X — X1
> Ar f (k) + k1 Lf (1) + (VS (k1) X — Xke1)]
> Arlf Cr1) + (V15 Ve — Xie1)]
Fap1Lf (et1) + (V f (r+1)5 X — Xp1)]
= A1 f k1) + @1 (V f (k1) X — 2k)- (3.8)

-1

ol = ‘L'kz. Therefore, we can continue as follows:

In view of condition (3.6), A

. 1
Vi1 = Ak f(Xea1) + min {ELIIX — el + Ut (Vf (1), X —20) ¢ x € Q}

L
= Ay [f(XkJr])-i—II}Cin{zA I —ze |2+ T (V f (1), X—2k) * X € QH

k+1
> Ak [f(xk+1>+rrgn {%rﬁLnx — %P+ (Vf Crp1), x — ) s xe Q” :
(3.9)
Finally, note that t; € [0, 1]. For arbitrary x € Q define
y=1nx + (1 — 7).
Then, in view of the first relation in (3.7) we have
Y = Xkl = Te(X — 2k).

Hence, in view of (3.3) and the second rule in (3.7) we conclude that
1
min {Erkanx — P+ w(V S (ag1), x —z) s x € Q}
1
= min {ELIIy — X112 H (V). y — X))t y e Q@+ (1 — Tk)Yk}

. (1
> min {ELIIy — e IIP + (VFOk1), y — xkg1) v € Q}
= fOk+1) — f (k1)
Combining this bound with the final estimate in (3.9) we get the result. O

Clearly, there are many ways to satisfy the conditions (3.6). Let us give an example.

Lemma 2. For k > 0 define oy = ]%1 Then

2 A, = EFDE+2)

Tk = m7 k 1 , (3.10)
and the conditions (3.6) are satisfied.
aZ
Proof. Indeed, 1 = il 7 < waTs = A and that s (3.6). O
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Now we can analyze the behavior of the following scheme.

For k > O do
1. Compute f(xx) and V f(xg).
2. Find y; = T (x).
k.
3. Find ¢ = arg min {gd(x) + 3 ) (V) x —xi)]: x € Q} )
i=0
4. Set xp 41 = %Zk + %yk-
(3.11)

Theorem 2. Let the sequences {xy}72 o and {yi}i2, be generated by the method (3.11).
Then for any k > 0 we have

k+ 1Dk +2)

7 S O)

k.

< min {Ed(x) + Z i[f(x,~) +{(Vf(xi), x —xi)]: x € Q} . (3.12)
* o i=0 2

Therefore,

4Ld(x*)

f(Yk)—f(x)Sm,

(3.13)

where x* is an optimal solution to the problem (3.5).

Proof. Indeed, let us choose the sequence {oek},fio as in Lemma 2. Then, in view of
Lemma 1 and convexity of f(x) we have

L
Arf k) <Y < ;d(x*) + A f (x™).
It remains to use (3.10). |

Note that, in general, method (3.11) does not ensure a monotone decrease of the
objective function during the minimization process. However, sometimes this property
is quite useful. To achieve that, we need to introduce a minor change in the scheme.

Indeed, in the proof of Lemma 1 we need only the following condition on yj41:

S k1) < f(To(Xk41))-
Let us change the rules of Step 2 in (3.11) as follows:

2’. Find y; = To(xx). Compute f(y}).
Setykzargn}in{f(x) D x € {Yk—1, Xk, Vi) } (3.14)

Clearly, in this case we will have

FOr) < fOr=1) <+ < fx0). (3.15)
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4. Application examples

Let us put the results of Sections 2 and 3 together. Let us assume that the function f )
in (2.2) is differentiable and its gradient is Lipschitz-continuous with some constant
M > 0. Then the smoothing technique as applied to the problem (2.1) gives us the
following objective function:

fu) = fx) + fulx) — min: x € Q. 4.1)
In view of Theorem 1, the gradient of this function is Lipschitz continuous with the
constant |
Ly=M+—JA|7,.
I 1107 1,2

Let us choose some prox-function dj (x) for the set Q1 with the convexity parameter o7.
Recall that we assume the set Q; to be bounded:

m;lx{dl(x) :x €01} <Dy

Theorem 3. Let us apply method (3.11) to the problem (4.1) with the following value
of smoothness parameter:

iy 2 Al [ D
N+1 o102D>°

Then after N iterations we can generate the approximate solutions to the problems (2.1)
and (2.3), namely,

N

X =yn € 01, ﬁ:Z

2(i 1
) () € O, @2)
i=0

(N+D(N+2

which satisfy the following inequality:

0= 1 —p@ < 22, (DD VD (43)
- - N+1 olon o1 - (N +1)2° ’

Thus, the complexity of finding an e-solution to the problems (2.1), (2.3) by the smoothing
technique does not exceed

DDy 1 M D
4[1All1,2 =+ 2 : (4.4)
01072 € g€

Proof. Let us fix an arbitrary u > 0. In view of Theorem 2, after N iterations of the
method (3.11) we can deliver a point X = yy such that

N

- L, D . 2 +1) =
fu@®) < m +Il'§cln { ;m[fu(xz)

H(V i), x —xih] x € Ql}- (4.5)
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Note that
fuo) = max{(Ax, u)y — $(u) — pdy(u) : u € Q)
= (Ax,uy ()2 = Pl () — ey (1 (1)),
(Vfu(x), 601 = (A%uy (), x)1.
Therefore

Fu) = (V fu i), xid1 = =G (x) — pda(y (1)), i =0,...,N.  (4.6)
Thus, in view of (2.6) and (4.6) we have
N - -
D G+ D) + (Y fu(x), x = xi)i]
i=0

N
1 A
< E (0 + DLfuCxi) = (Vfu(xi), xin] + E(N + DN +2)(f (x) + (A%, x)1)
i=0

N
~ 1 o
=2+ Do (i) + SN + DOV +2(f () + (A%, x)1)
i=0

1 A A
SN+ DIV + D)[=¢ ) + f(x) + (Ax, i)2].

IA

A

Hence, using (4.5), (2.3) and (2.7), we get the following bound:

LiDl_ o Fu@) = 0) = £() - $(@) — uD
ol (N F12 = (X ) > f(& i) — puDs.
That is
0< £ - ¢(@) < uby 4 —AL2D: AMD, @7
X)—o¢@ . .
- = HE2 uoroa(N + 12 o1 (N + 1)2
Minimizing the right-hand side of this inequality in © we get inequality (4.3). O

Note that the efficiency estimate (4.4) is much better than the standard bound O (eiz).
In accordance with the above theorem, for M = 0 the optimal dependence of the param-
eters 4, L, and N in € is as follows:

€ D, lAl%, DDy 1
= L,=2. 112 Nij—4a - 4.8
" 2D, ® 207 € + 1AT1.2 010y € (4.8)

Let us look now at some examples.
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4.1. Minimax strategies for matrix games

Denote by A, the standard simplex in R":

n
Ap={xeR": x>0, Zx(i)zl}.
i=1

Let A: R" - R™, Ey = R" and E, = R™. Consider the following saddle point
problem:

min max {{Ax, u) + {(c, x)1 + (b, u)2}. 4.9)

XEA, UEA,,

From the viewpoint of players, this problem is reduced to a problem of non-smooth
minimization:

min f(x), f(x) = (¢, x)1 + max [{aj, x)1 + bV,

xXeEA, 1<j<m
(4.10)

max ¢(u), ¢(u) = (b, u)s + min [(@,u)2 + ],

where a are the rows and @; are the columns of the matrix A. In order to solve this pair
of problems using the smoothing approach, we need to find a reasonable prox-function
for the simplex. Let us compare two possibilities.

1. Euclidean distance. Let us choose
[ & V2 1< 1
_ ()2 _ 1 (@) _ 232
Ixll = 2;<x )} ,d1<x>—22(x plt
Li= 1=

1/2

[ 1 & 1
_ ()2 _ G IRY)
lull> = jE_l(u 1) , da(x) = Ejg_l(u I m) .

Thenm:(fz:l,Dlzl—%<1,D2=1—%<land

max

1AlI2 = max{|Ax[3 : flxlli = 1) = A5 (AT A).

Thus, in our case the estimate (4.3) for the result (4.2) can be specified as follows:

1/2
A (AT A)

0<fx)—o@) =< N1

4.11)
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2. Entropy distance. Let us choose

n n
lxllr = Z x@, dy(x) =Inn + Zx(i) Inx®,
i=1 P

m m
lullz =" ). dyw) =lnm + > uP Inu,
j=1 j=1

Lemma 3. Under the above choice of prox-functions we have
opr=o0p=1, Dy=Inn, Dy;=Inm.
Proof. Note that di(x) is two times continuously differentiable and (d{ (x)h, h) =

2ny2 . . . . .
> G207 It remains to use the following variant of Cauchy-Schwartz inequality
i=1

)
n 0 2 n 0 " (h®)2
() =(20)- (£ %)

which is valid for all positive x. The reasoning for ds () is similar. O

Note also, that now we get the following norm of the operator A:

IAll12 = max{ max [{aj,x)|: [x[l; =1} = max |A®)].
X 1<j<m 1]

Thus, if we apply the entropy distance, the estimate (4.3) can be written as follows:

4/Innlnm

0= f(X)—¢®@) =< N1

max [AGD)], (4.12)
L]

Note that typically the estimate (4.12) is much better than the Euclidean variant
(4.11).

Let us write down explicitly the smooth approximation for the objective function in
the first problem of (4.10) using the entropy distance. By definition,

m m
fu(x)z(c,x)l—i-felix Zu(j)[(aj,x)+b(j)]—MZu(j)lnu<j)—ulnm
"=t j=1

Let us apply the following result.

Lemma 4. The solution of the problem

m m
Find — D) _ (R TNAG)) 4.13
ind ¢y (s) feli),i, X}u s uX}u nu ( )
j= Jj=
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is given by the vector u, (s) € A, with the entries

. Ly
ufj)(s):m—, j=1...,m. (4.14)

Z es(l)//i

=1

Therefore ¢y (s) = 1In (Z e“(l)/“).

=1

Proof. Indeed, the first order necessary and sufficient optimality conditions for (4.13)
look as follows:

sO—pd+muPy=2x, j=1,....m,

m
Zu(j) - 1.
j=1

m
Clearly, they are satisfied by (4.14) with A = 1 1n (Z es(”/“> — . O
=1

Using the result of Lemma 4, we conclude that in our case the problem (4.1) looks
as follows:

fu(x) {c,x)1 +uln Ze ajx)+bD1/ 1 — min: x € A,.

Note that the complexity of the oracle for this problem is basically the same as that for
the initial problem (4.10).

4.2. Continuous location problem

Consider the following location problem. There are p “cities” with “population” m ;,

which are located at points ¢; € R", j = 1, ..., p. We want to construct a service center

at some position x € R" = E1, which minimizes the total social distance f(x) to the

center. On the other hand, this center must be constructed not too far from the origin.
Mathematically, the above problem can be posed as follows

14
Find f* = min fe) =) "mjllx—cjlli: Ixli <7¢. (4.15)
In accordance to interpretation, it is natural to choose

n 1/2 1
||x||1=[;<x<”)2} , dl(x>=5||x||%

Thenoy =1and D| = %72.
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Further, the structure of the adjoint space E- is quite clear:
E, =(E)D)?, Q2= {u =i,...,up) € Ex: |lujlli <1, j= 1,...,p}.

Let us choose
172

p
1
lalla = | Domylu ID* | daw) = lull3.
j=1

p
Then oy =1 and Dy = %P with P = ) m j. Note that the value P can be seen as the
Jj=1
total size of the population.
It remains to compute the norm of the operator A:

1All1,2

p P
. 2
max § 3 om0 Y mylulH =1, =1
j=1 j=1
p P
IS 2 _ pl)2
n}ax mijrij . Zm]rj_l =P/~
! 1 j=1

j=

Putting the computed values in the estimate (4.3), we get the following rate of con-
vergence:

2PF
N+1'

A= f =< (4.16)
Note that the value f x) = % f(x) corresponds to average individual expenses gener-
ated by the location x. Therefore,

f()?)—f*sNH.

Itis interesting that the right-hand side of this inequality is independent of any dimension.
At the same time, it is clear that the reasonable accuracy for the approximate solution
of the discussed problem should not be too high. Given a very low complexity of each
iteration in the scheme (3.11), the total efficiency of the proposed technique looks quite
promising.

To conclude with the location problem, let us write down explicitly a smooth approx-
imation of the objective function.

p

fu(x):m,flx Zm/(u.'
i=1

mjyu(lx —cjlly,

—cjht—puda(u) : ue Qo

-

p
= max E m;
u

j=1

jr X
1 2\ . * .
(wj,x —cj) — EM(IIM,/Ill) Suilly <1, j=1,...,p

Il
'M“
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where the function ¥, (), T > 0, is defined as follows:

2

] 2 5_7 O<T <M/’
T) = max {yt — — ={-t -~ 4.17
Yu(7) ye[o,l]{y SHY } P&, p<t, 4.17)

4.3. Variational inequalities with linear operator

Consider a linear operator B(w) = Bw + ¢: E — E*, which is monotone:
(Bh,h) >0 VYhe E;.

Let Q be a bounded closed convex setin E. Then we can pose the following variational
inequality problem:

Findw* e Q: (B(w"),w—-w*)>0 VYwe Q. (4.18)

Note that we can always rewrite problem (4.18) as an optimization problem. Indeed,
define

Y(w) = max{(B(v), w —v) : v e Q).
v
Clearly, ¥ (w) is a convex function. It is well known that the problem
min{yr(w) : w € O} (4.19)

is equivalent to (4.18). For the sake of completeness let us provide this statement with
a simple proof.

Lemma 5. A point w* is a solution to (4.19) if and only if it solves variational inequality
(4.18). Moreover, for such w* we have ¥ (w*) = 0.

Proof. Indeed, atany w € Q the function y is non-negative. If w* is a solution to (4.18),
then for any v € Q we have

(B(v),v—w") > (B(w"),v —w*) > 0.
Hence, ¥ (w*) = 0 and w* € Arg ur}’lelg Y (w).
Now, consider some w* € Q with ¢ (w*) = 0. Then for any v € Q we have
(B(v), v — w*) > 0.
Suppose there exists some v; € Q such that (B(w*), v —w™*) < 0. Consider the points

Vg =W +a(v; —w*), ae]0,]1].

Then
0 < (B(va), o — w*) = a(B(vg), v1 — w")
= a(B(w*), v; — w*) +a*(B - (v — w¥), vy — w*).
Hence, for o small enough we get a contradiction. O

Clearly, there are two possibilities for representing the problem (4.18), (4.19) in the
form (2.1), (2.2).
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1. Primal form. Wetake £y = Ep, = E, Q1 = Q2 = 0, d1(x) = da(x) = d(x),
A = Band

A ~

f@) =, x)1, o) = (b,u)1 + (Bu, u);.

Note that the quadratic function q’;(u) is convex. For computation of the function f, (x)
we need to solve the following problem:

mlflx{(Bx, u); — udw) — (b, u)1 + (Bu,u); : u € Q}. (4.20)

Since in our case M = 0, from Theorem 3 we get the following estimate for the com-
plexity of problem (4.18):

4D1||B|1,2

gl1€

4.21)

However, note that, because of the presence of the non-trivial quadratic function in
(4.20), this computation can be quite complicated. We can avoid that in the dual variant
of the problem.

2. Dual form. Consider the dual variant of the problem (4.19):

min max(B(v), w — v) = max min(B(v), w — v) = —minmax(B(v), v — w).
weQ veQ veQ weQ veQ weQ

Thus, we cantake E1 = E; = E, Q1 = Q2 = 0,d1(x) =dy(x) =d(x), A= B and

A ~

J@) = (b, x)1 +(Bx,x)1, &) =(b,u).
Now the computation of function f,(x) becomes much simpler:
fu@) = max{{Bx, u)1 — pd(u) — (b, u)r : u € Q}.

It is interesting that we pay quite a moderate cost. Indeed, now M becomes equal to
| Bll1.2- Hence, the complexity estimate (4.21) increases up to the following level:

4D1|IB||1,27L D1l Bl1,2
ol1€ gl1€ '

Note that in an important particular case of skew-symmetry of operator B, that is
B + B* = 0, the primal and dual variant have similar complexity.
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4.4. Piece-wise linear optimization

1. Maximum of absolute values. Consider the following problem:

mxin{f(x) max |(a], x)1 — b : erl}. (4.22)

For simplicity, let us choose

n 172
Ixlly = [Z(x@)z] o di(x) = x”
i=1

Denote by A the matrix withrows a;, j =1, ..., m. Itis convenient to choose
2m 2m
Ey =R, Jula=) P, d@ =mn@m)+» u?nu
° =
Then

fx) = m'flx{(Ax, uyy — (byu)s: u € Aoyl

1:2 = .
Dy =147 F=max{lxli: x € Q1},

It remains to compute the norm of the operator A:

A2 = maX{(Ax, u) s lxlhr =1, flullz =1}
= max{ max [{a;, x)1]: [lx[i = 1} = max lajll-
1<j<m 1<j<m

Putting all computed values in the estimate (4.4), we see that the problem (4.22) can
be solved in
2V2F max lajll}v/In@2m) - 1
=j=m

iterations of the scheme (3.11). The standard subgradient schemes in this situation can

count only on an
2
O (|7 max |a;|*-L
([ max fasl -

upper bound for the number of iterations.
Finally, the smooth version of the objective function in (4.22) looks as follows:

fulx) = pln Zs( b<f>1>

with &(7) = [e +e 7).



Smooth minimization of non-smooth functions 145

2. Sum of absolute values. Consider now the problem
m
i — . —pWy -
min f(X)—X;I(a,,x>1 b xe Q. (4.23)
/:

The simplest representation of the function f(x) looks as follows. Denote by A the
matrix with the rows a;. Let us choose

Ey=R", QOy=fueR": WV <1, j=1,...m),

1 1 & .
dr(u) = 5||u||% =3 Z a1t - )2,
j=1

Then the smooth version of the objective function looks as follows:

mn : —pW)
fu) = max{(Ax—b, upr—pda(w) : u€ 02} = Y lajli ¥y (M) ,

pr a1}

where the function ¥, (7) is defined by (4.17). Note that

m
A = max uma-,x Cxl <1, |lulla <1
IAll12 = ma Zl aj s xl < 1 flulla <
]:

m m
. -
< max § > lagllf - w0 Y llaglli - @9 <1
j=1 j=1

1/2
m /

=D =} lajli}
j=1

On the other hand, D, = %D and oo = 1. Therefore from Theorem 3 we get the
following complexity bound:

m
2 2D] R
2V 2 el
Jj=1

5. Implementation issues
5.1. Computational complexity

Let us discuss the computational complexity of the method (3.11) as applied to the
function f, (x). The main computations are performed at the Steps 1-3 of the algorithm.
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Step 1. Call of the oracle. At this step we need to compute the solution of the following
maximization problem:

max{(Ax, u)s — () — pdr(w) : u € Qo).

Note that from the origin of this problem we know, that this computation for u© = 0 can
be done in a closed form. Thus, we can expect that with properly chosen prox-function
this computation is not too difficult for u > 0 also. In Section 4 we have seen three
examples which confirm this belief.

Step 3. Computation of zx. This computation consists in solving the following problem:
rrgn{dl(X) +{s,x)1: x € 01}

for some fixed s € E}. If the set Q; and the prox-function d;(x) are simple enough,
this computation can be done in a closed form (see Section 4). For some sets we need
to solve an auxiliary equation with one variable. The above problem arises also in the
mirror descent scheme. A discussion of different possibilities can be found in [1].

Step 2. Computation of Tg(x). Again, the complexity of this step depends on the com-
plexity of the set Q1 and the norm || - ||;. In the literature such a computation is usually
implemented with a Euclidean norm. Therefore let us discuss the general case in more
detail.

Sometimes the following statement helps.

Lemma 6. Forany g € E* and h € E we have
(g, hh1 + SLIAIP = max | (s, iy = LL(ls = g1 s € E*].
Proof. Indeed,

(g.h)1 + SL|A|?

1.2

rrnzaéiﬂg,h)l +rihll — 507}
= max{(g, W)1 + {rs, k)1 — 50 = r =0, [Is|* = 1)

r.s
= max{(g +s.h)1 — 5 (Is)? : s € E)
= max { (s, I = S (s — gl s € E*].

N
O

Let us check what is the complexity of computing T (x) in the situation discussed in
Section 4.1. We need to find a solution to the problem

1
Find * =min{(§,x—i)+§L||x—)E||2: x € A, (5.1)
X
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n .
where ||x]| = |x®]and X € A,.Therefore, without loss of generality we can assume
i=1
that
min g = 0. (5.2)
1<i<n

Using Lemma 6, we can rewrite the above problem as follows:

¥* = min max [(s,x — %) — 5 (lls — é_’”*)z}

xXeN, §

— mi _x - L — 5lI%)2 _
= minmax {(5.x = £) — 7 (ls = &1 + A1 = (en. x))|

= max {—(5, 8) = - (ls = @M%+ 2+ 5 = Aen |

Note that in our case ||s|* = max |s)|. Therefore
1<i<n
—y”" = min {8+ —r sz 150 -5 s i=1,n). 53

In the latter problem we can easily find the optimal values of s:
sf) = max{A, g<"> -1}, i=1,...,n.
Moreover, the feasible set of this problem is non-empty if and only if
Af?”—l—f, i=1,...,n.

In view of (5.2), this means A < t. Thus,
2
= A, = — A
rtn>1£1{g @ max{x, g? —t}+ 57 }

— mi E :-(i) 0] 72
= min X T—A)y++ ,
T=A { (g ) 2L}

i=1

where (a)+ = max{a, 0}. Since the objective function of the latter problem is decreasing
in A, we conclude that A* = 7.
Finally, we come to the following representation:

—y* = mm {Zx(’)(g(’) =204 + 37 ]
i=1

Clearly, its solution can be found by ordering the components of the vector g¢) and
checking the derivative of the objective function at the points

=10 i=1,...,n.

=

The total complexity of this computation is of the order O (n Inn). We leave the recon-
struction of primal solution x* of the problem (5.1) as an exercise for the reader.
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5.2. Computational stability

Our approach is based on smoothing of non-differentiable functions. In accordance with
(4.8) the value of the smoothness parameter  must be of the order of €. This may cause
some numerical troubles in computation of function fu (x) and its gradient. Among the
examples of Section 4, only a smooth variant of the objective function in Section 4.2
does not involve dangerous operations; all others need a careful implementation.

In both Section 4.1 and Section 4.4 we need a stable technique for computation of
the values and the derivatives of the function

m
nw) =pln | Y e in (5.4)
j=1

with very small values of the parameter . This can be done in the following way. Denote

u = max u(j), v = 4D —u, j=1,...,m.
I<j=m

Then
n(u) =u+n(v)

Note that all components of the vector v are non-negative and one of them is zero. There-
fore the value 1(v) can be computed with a small numerical error. The same technique
can be used for computing the gradient of this function since Vn(u) = Vn(v).

The computations presented in Section 6 confirm that the proposed smoothing tech-
nique works even for a quite high accuracy.

5.3. Modified method

As we have seen, at each iteration of the method (3.11) it is necessary to solve two
auxiliary minimization problems of two different types. It appears that quite often the
computation of the point y; is more complicated then that of zz. Let us show how to
modify the scheme (3.11) in order to have both auxiliary problems written in terms of
the prox-function d (x).

For simplicity assume that d(x) is differentiable. Denote by

E(z,x)=d(x) —d(z) —(Vd(z),x —2), z,x € Q,
the Bregman distance between z and x. Clearly,
£G,0 2 sole— I
Define the following mapping:
Vo(z,8) = argmxin{(g,x —2)+&(@,x): x € Q).

In what follows we use the notation of Section 3.
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Lemma 7. Let sequence {o )32, satisfies condition (3.6). Suppose that condition (Ry)
holds for some k > 0. Let us choose yx = Fayy1. Define

X1 = T2k + (1 — ) yx,
X1 = Vo i, vV f (xkg1)),
Vi1 = TXk1 + (1 — 1) k. (5.5)

Then the relation (Ry+1) holds.

k
Proof. Denote Iy (x) = B + (I, x — zi) = >_ il f (x;) + (V f(x;), x — x;)]. Then

=
L /
(;d (zk) + e, x —zk) >0 Vx € Q.

Hence, since Yy = %d (zk) + Bk, in view of inequality (3.8) we have the following:

L
;d(x) + L (x) + a1 {V f (Xg1), X — Xpet1)

L L
= ;é(Zk, x) + ;(d(Zk) +(d'(z1), x — zi)
+Br + (ks X — 2i) + k1 (V f (k1) X — Xt 1)

L
;S(Zk, X) + Vi + a1 {V f (Xk41), X — Xpt1)

v

\Y

L
> ;S(Zk, X) + Apg1 f Corg1) + ok 1 AV f (k1) X — 2k).

Thus, using (3.6), we get the following

Vit 1

v

L
chirl{;é(Zk, X) + Apr1 f 1) + o 1V f k1), x —2x) © x € O}

L R ~
;E(Zk, Xk+1) + Ak f Ockp1) + 1AV f (k1) X1 — 2k)

\

1 .
> LIk — 2l + At f (1) 4+ 01 (V f (K1), Rag1 — 2)

v

1 . n
Agy1 <§Lr,3||xk+1 — 2l 4 f 1) + TV K1)y Rt — m) :

It remains to use relation yyy1 — Xp+1 = Tx (Xk+1 — 2k)- O

Clearly, we can take

L
Yo=120= argrrgn {;d(X) + ag[ f(x0) + (f'(x0), x —x0)]: x € Q}

for any a9 € (0, 1]. In particular, we can use the sequence suggested in Lemma 2. In
this case we come to the following algorithmic scheme.
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1. Choose yo = arg min {Ld(x) + 31 (x0) + (f'(x0). x —x0)]: x € O}.
2. For k > O iterate:

k.
a) Find z; = argmin{éd(x) +> %[f(x,-) +(Vfx),x—x)]: x€ Q} .
x i=0

b) Set 73, = % and xg4+1 = 2k + (1 — 1) vk
¢) Find %441 = Vo (zk, TtV f (Xk+1))-

d) Set yr1 = ki1 + (1 — T yx.
(5.6)

Of course, for this method the statement of Theorem 2 holds. As an example, let us
present the form of the mapping V(z, g) for entropy distance:

-1

n
] i) —g® ARG .
V'@ g) =" |3 W | i=1 (5.7)
j=1

Clearly, this computation looks more attractive as compared with the strategy discussed
in Section 5.1.

6. Preliminary computational results

We conclude this paper with the results of computational experiments on a random set
of matrix game problems

min max (Ax, u);.
XEA, UEA,

The matrix A is generated randomly. Each of its entries is uniformly distributed in the
interval [—1, 1].

The goal of this numerical study is twofold. Firstly, we want to be sure that the tech-
nique discussed in this paper is stable enough to be implemented on a computer with
floating point arithmetic. Secondly, it is interesting to demonstrate that the complexity
of finding an e-solution of the above problem indeed grows proportionally to % with
logarithmic factors dependent on n and m.

In order to achieve these goals we implemented the scheme (3.11) exactly as it is
presented in the paper. We chose the parameters of the method in accordance with the
recommendation (4.8). Note that for small € these values become quite big. For example,
if we take

IAlio =1, n=10" m=10°, =107

then the values of parameters of the method (3.11) are as follows:
uw=0.72- 1074, L, =23858.54, N = 31906.

Thus, it was not evident that the method with such parameters could be numerically
stable.
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We present three sets of results. They correspond to different values of accuracy
€, namely to 1072, 1073 and 10™*. For the last value of € we skip the problems of
highest dimension since the general picture becomes already clear. At each step of the
method we compute two matrix-vector products with matrix A. In order to check the
stopping criterion, we compute the values of exact primal and dual functions at the
current approximations X and # and check if

fE) —o@) <e

This test is performed periodically, after one hundred (or one thousand) iterations. So,
it does not increase significantly the computational time. For our computations we used
a personal computer with processor Pentium 4 (2.6GHz) and frequency of RAM 1GHz.
In the tables below for each problem instance we give the number of iterations, com-
putational time in seconds and the percentage of the actual number of iterations with
respect to the predicted complexity N.

Looking at all three tables, we can see that the complexity of the problem indeed
grows linearly with respect to é Moreover, the prediction of the necessary number of
iterations is very accurate. The computational time, especially for the big problems,
looks quite important. However, that is due to the fact that the matrix A is dense. In
real-life problems we never meet big instances with such a level of density.

It seems that Tables 1 and 2 present quite encouraging results. This range of accuracy
is already very high for the subgradient schemes with O(GLZ) complexity estimates. Of
course, we can solve our problem by a cutting plane scheme, which has a linear rate of
convergence. However, usually such a method decreases the gap by a constant factor
in n iterations. In this aspect the results shown in the last column of Table 2 are very
promising: we get three digits of accuracy after n or 2n iterations. At the same time,
the complexity of each step in the cutting plane schemes is at least O(%n3). Therefore,
even if we implement them in the smallest dimension (), the arithmetical complexity
of the computation shown in the most right-down corner of Table 3 would be equivalent
to 180 - 3 - 2 = 1080 iterations (since there n = 10m).

The level of accuracy in Table 3 is unreachable for the standard subgradient schemes.
It is quite high for cutting plane schemes also. Again, the arithmetical complexity of the
process presented in the cell (3,3) of this table is equivalent to 116 -3 -2 = 696 iterations

Table 1. Computational results for ¢ = 0.01.

m\n 100 300 1000 3000 10000

100 808 07, 44% 1011 0”,49% 1112 37,49% 1314 127,54% 1415 44”,54%

300 910 0”,44% 1112 27,49% 1415 10”,56% 1617 35”,60% 1819 135”,63%

1000 1112 27,49% 1213 87,48% 1415 32”,51% 1718 115”,58% 2020 4517,63%
Table 2. Computational results for ¢ = 0.001.

m\n 100 300 1000 3000 10000

100 6970 2”,38% 8586 8”,42% 9394 29”,42% 10000 91”,41% 10908 349”,42%

300 7778 87,38% 10101 27,44% 12424 97”,49% 14242 313”,53% 15656 1162”,54%

1000 8788 307,39% 11010 105”,44% 13030 339”,47% 15757 1083”,53% 18282 4085”,57%
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Table 3. Computational results for ¢ = 0.0001.

m\n 100 300 1000 3000

100 67068 257,36% 72073 80”,35% 74075 2877,33% 80081 945”,33%
300 85086 89”,42% 92093 243”,40% 101102 914”,40% 112113 3302”,41%
1000 97098 331”,43% 100101 760”,40% 116117 2936”,42% 139140 11028”,47%
of a cutting plane scheme in dimension n = 1000. That is indeed not too much for four

digits of accuracy.
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